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• TOM TAT LI THLYET 

• CAC DANG TOAN CO BAN 

• CAC DE trAc nghiem vA loi giAi 
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NHA XUAT BAN OAl HOC QIJOC GIA HA NQI 



LO\ NOI DAU 


Quvcn sach PHlONC PHAP (;iAI BAI TAP TRAC 
^ • • • 

HIMI HQC LOP 11 " dugc bicn scan trcn tinh than he thong tat ca cac 
dang toan trong S(iK, nham giup hoc sinh tir on tap. tu kicm tra danh gia. 
dong thdi qua do giup cac em hoan thien cac k\cn tlu'rc toan ca ban, nang 
cao kT nang giai toan 

Ngi dung quyen sach dugc trinh ba\ thanh cac chuang : 

• Chmni^ I: Phcp ddi hinh \ a phep dong dang trong mat phang 

• Chiarn^ II: Dudng thang va mat phang trong khbng gian. Quan he 

song song 

• Chtam^ III: Vecta trong khong gian- Quan he vuong goc 

Moi chuang dugc chia thanh cac bai tuang ung vai SGK, moi bai c6 cac 



I'rong phan cac dang toan ca ban. lac gia neu phucmg phap giai tung 
dang loan, c6 vi du minh hoa. nham giup cac IIS cung c6. khac sau li lhu\et. 
hoan thien, nang cao cac kT nang giai toan 

Moi bai c6 cac de trac nghiem, cac em hoc sinh nen c6 gang tu giai trudc 
khi doc Idi giai trong sach dc ddi chieu. so sanh 

lac gia hy vong quyen sach nay se la mot tai lieu lham khao va on tap 
ihiet ihuc. giup cac em hoc sinh cung co. khac sau li thuyet. hoan thien va 
nang cao kT nang giai loan 

Du da CO gSng ral nhieu, nhung chac chan noi dung quyen sach khong 
tranh khoi nhung thieu sot. Rat mong nhan dugc su gop y chan thanh cua 
ban doc gan xa. dc quyen sach ngay cang dugc hoan thien. l ac gia chan 
thanh cam an 


lACOIA 
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Chu’O’ng I 

PHEP Dai HiNH VA PHEP 06NG DANG 

§1. PHEP l)6l HiNH 


t 6>TAT Ei THU YET 

I. Php bien hinh: Qiii tac tirong I'rng moi diem M cua mat pliang vai mot diem 
xac diii du\ nhat M cua mat phangdo dirge ggi la phep bieii hinh. 

Tithiidng ki liieu phep bien hinh bang F va viet F(M) ~ M. khi do M dirge ggi 
la mnlcua M qua F 

Nu H la mot hinh, ta ky higu H = F(H) la tap cae diem M "= F(M) vai mgi M 
lhu» 9 <H, ta noi H la anh cua hinh H qua F 

IPhp bien hinh F bien mgi diem M thanh chi'nh no dirge ggi la phep dong nhat 

II. Pep doi hinh: Phep dai hinh la mot phep bien hinh khong lam thay doi 
khoian each gifra hai diem bat ki 

Ne F la phep doi hinh thi vai mgi diem M, N 
XM) M', F(N) = N' thi MN = M'n' 

III. Tih chat ciia phep doi hinh: 

©/Vf //; Phep doi hinh bien ba diem thang hang thanh 3 diem thang h^ng, ba 
dienn hong thang hang thanh ba diem khong thang hang 

Phep dai hinh bien dirang thang thanh dirdng thang, tia thanh tia, doan 
th§mg tanh doan thang bang no, bien tarn giac thanh tarn giac bang no, bien duang 
tron thnh diidng tron bSng no, bien goc thanh goe bang no 

CAC lANG TOAN COBAN 

1. D^n 1: Chirng minh phep bien hinh F la rngt phep doi hinh: 

Phi/ng phdp: Fay 2 diem bat ki A, B. Ggi A = F(A), B ^ F(B). Hay ehurng 
minhi /8 ^ AB 

VPl : rong mat phangOxy xet phep bien hinh F bi4n lVl(x; y) thanh M(x - 3; y + 
1). Hiayhinu minli F la phep dai hinh 

Giai 

Liayiai diem A(x,\; y^); B(X(i; ye). Ggi A^ F(A), B F’(B), ta c6 
/{XA~3;yA 1), B(xH-3;yM+ 1) 

/B' - [(Xa “ 3) - (Xb - 3) ]■ + KyA + 1) - (Vh + 1) l' 

= {Xa - XiiF -f- (yA - y^y = AB‘ 

^>Ai = AB 

V^y* la p'lep doi hinh 
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VD2: Chi'rng minh plicp tinh ticn iheo vecUr u la mot phep dai hinh 

Giai 


Phep tjnh ticn T theo veclo u la mpt phcp doi hinh 
That vay. gia sir !'(A) ^ A], [ (B) Bi. la c6: 

AA, - BBi - u => AB-A|Bi AB = A,B, 

Vay T la phep doi hinh 

Ih Dang 2; Chirng minh phep bien hinh F khong phai la phep doi hinh 
Phmrngphdp: Chi ra hai diem A, B thoa man F( A)F(B) AB 


VDl: Chirng minh phep chieu vuong goc len dirong thang khong la phep dai himht 


Giai 

Xet phep chieu len dirang thang d. 
Lay 2 diem phan biet A. B sao cho 
AB khong song song hoac trung vdi 
d. Goi Ao, B,) la hinh chieu vuong goc 
cua A, B len d (\cm Hinh 1) 

De dang thay rang AB > AuBo. 



Vi vay phep chieu len dirong thang khong phai la phep doi hinh 
VD2: Trong mat phang 0\y \ct phep bien hinh F bien M(\; \) thanh M(2\;-; 
Hay chung minh F khong la phep doi hinh 


:y)- 


Giai 

Lay 0(0; 0), A{1; 0). Goi O - F(OL A = F(A). ta c6: 0(0; 0), A(2; 0) 
OA = 1; OA ^2. OA 9^ OA nen F khong phai la phep doi hinh 


CAU HOI TRAC NGHIEM 

Cau 1: Trong cac khangdjnh sau. khang dinh nao dung, khangdinh nao sai? 

(A) Phep chieu len dirong thang la mot phep doi hinh cthng. ssaii 

(B) Phep tjnh lien theo vecto u la mpt phep doi hinh ^lOng. ssaii 

(C) Phep lay doi xi'rng qua mpt du^mg ihSng la m^l phep dai hinh 

dung, ssaii 

Cau 2: Trong cac khang dinh sau, khSng djnh nao dung, klnlng dinh nan sai? 

(A) Phep doi hinh bien ba diem thing hang thanh ba diem thang hang 

diing. ^ saii 

(B) Co phep dai hinh bien hinh chir nhat (khong phai la hinh vuong) thanh hinh ) vaionj; 

diing, siai 

(C) Phep ddi hinh bien tarn giac thanh mot lam giac bang no dung. Siai 
Cau 3: Trong mat phang toa do 0\\. .\et cac phep bien hinh sau day 

Phep bien hinh F) bien M(\; y) thanh M(\: -x) 

Phep bien hinh F? bien M(x; y) thanh diem M|(2x: \) 

Trong cac khang dinh sau day, khang dinh wao diing'^ 
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(A) i i- I ' la liai phcp doi hinh 

(H) I i l;i phcp doi iiinh \a \ ^ khdng phai in phcp ddi hinh 
(C ) [ i klidng la phcp ddi hinh va ia phcp doi hinh 
(D) 1 I kltdtic la phcp ddi hinh va I - khdng la phcp ddi hinh 
(’aiii 4: I ron^ mat phang toa dp ()\v \cM cac phcp hicn hinh sau 

VhC'p hicn hinh \ \ hicn diem M(\; y) thanh diem VI (y; x) 
Phcf) hicn hinh I ■ hicn diem M (\; > ) thanh dic'in VI h \; \) 
Phcp hicn hinh l'^, hicn diem M{\; \ ) thanh diem Vld^x: 2>) 


1 rong cac khang dinh sau, khang dinh nao dung. 

khang dnili nao sai 

(A) hi la phcp doi hinh 

diing. sai 

(B) 1 ; !a phcp ddi liinh 

dung, sai 

(C) 1’; khdng la phcp ddi hinh 

dung, sai 


C:au 5: Trong mat phanc toa do Oxy xel phcp hiem hinh f hicn V1(x; )) thanh 
VI (nix: niN). I la phcp ddi hinh khi \a chi khi gia Irj cua m bang 
(A)±: (B)-I (0-2 (D)±l 

Ciflu 6: Trong mat phang toa do ()x\ xet phcp biem hinh 1- hicn Vl(x; y) thanh 
VI (Z\: m>). Vdi gia tri nao cua m ihi h la phcp ddi hinh'; 

(A) m 2 (B) Ill - -2 

(C) m "" ! (D) khdng cd gia trj nki cua m 

Cmu 7: Trong mat phang toa do Oxy xet phcp hicn hinli I- hicn M(x: y) tiianh 


M (- x; in\). Vdi gia trj nao ciia m thi V la phep ddi hinh? 


(A)m-2 (B)m--2 

(C) m "" ! (D) khdng cd gia tri nao cua m 

Caiu 8: Clio hai diem phan hict A. B va I trung diem cua AB. Cioi I la phcp dd 
himhthoa man F(A) B, F(B) = A. Clion khang djnh dung 
(A)F(l) ^ A (B)r(l)-B 

(C) h(!) ^ I (D) (die khang dinh a (A), (B), (C) deu sai 

CSiu 9: (ipi I la mot phep ddi hinh hicn tarn giac vudng ABC' thanh tarn giZu 
Ai BC'i. Irongcac khang duili sau. khang djnh nfmdung. khang djnh nao sai? 

(A) I am giac AIK' va tarn giac AdTC'i bang nhau dung, sai 

(B) I hicn trong tain tarn giac ABC thanh trong tarn tarn giac A|BiCi 

dung, sai 

(C) I- bien true taiii tarn giac ABC thanh trong tiim tarn giac AiBiCi 

dung, sai 


Caiu 10: dho hai dicnii phan biet A. B va I la mpi phep ddi hinh, biet F(A) "" A 
F{IB)^ B. Oia su N thude dirdng thang AB, N khdng trung vdi A, B va F(N) ^ M 
Chipi kF.a tg dinh dung 


(A) M A 
(C) M N 


(B) M - B 

(O) ( ac khang dinh a (A). (B). (C ) deu sai 




Cau 11: Cho hai diem phan bict A, B \a phcp doi hinli F ihoa man [-(A) A. F(l^) IF F 
(jpi C la diem khong thuoc dirang thang AB. Biel F(C) va C nam ciing phia doi \di Vi 
AIF Vai mpi diem M bat ki, chon khang djnh dung: 

(A) F(M) va M doi xi'rng nhau qua AB 

(B) F(M) va M doi xirng qua BC 

(C) F(M) = M vai rnoi M 

(D) F(M)-A 

Cau 12: Cho hai diem phan bi^t A, B va phep dai hinh F thoa man F(A) == A. F(B) = BiF 
Goi C la diem khong thuoc dirang thang AB. Biet F(C) ^ C. Vai mpi diem M baiat 
ki, chon khang dinh dung: 

(A) F(M) va M doi xirng nhau qua AB 

(B) F(M) va M doi xirng qua BC 

(C) F(M) = M vai moi M 

(D) F(M)-A 

Cau 13: Cho doan th^ng AB va diem M thoa man AM ^ 2 AB . Goi F la phep daiai 
hinh. 

Gia sir F{B)F(A) = xF{M)F’(B). Gia trj ciia x bang bao nhieu ? 

(A)x=l (B)x = 2 (C)x = 3 (D)x = -1 

Cau 14: Cho tarn giac ABC va diem M thoa man BM ^ 2 CM . F la phep ddai 
hinh. Gpi F(A) - A,, F(B) - B,, F(C) - C,, F(M) = Mt 

Bi4t AB = 4; BC = 5; CA = 6. Do dai doan thang AiMj bang bao nhieu? 

(A) Vl% (B)72 (C)50 (D)I16 

TRALCn 
Cau 1: 

(A) Phep chieu len dirdng thing khong phai la phep ddi hinh 

(B) Phep tjnh lien T theo vecta u la mpt phep ddi hinh 

(C) Phep lay doi xirng qua dudng thing la mpt phep ddi hinh 

Cau 2: 

(A) Khing djnh dung 

(B) Khing djnh sai. Vi phep ddi hinh khong lam thav ddi khoang ca:h gua haiai 
diem bat ki 

(C) Khing djnh dung 
Cau 3: Goi A(ai; a^), B{bi; h^) 

Fi(A) = A (02; -ai); Fj(B) B(b2; -bi) 

Ta cd: 

AB = Tcb,-a,)'+(-b|+3,)- = ^Cb,-a,)’+ (b,-a,)' = AB 
Vay F| la phep doi hinh 
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)( 0: 0): M( 1; 1) 

I (( )) (): I -(M) M|{2: 1 ). l a co: 

(M v2:()M| 


V 1 (M / OMj ncn I ■ khoiiu la phcp doi liiiih 
D?S: B) 

('au -4: )e dang clu'rng niiiih !■]. Ij la phep dai hinh 
Kihaig diiih o (A) dung, a (B) dung 

D<c cu'rng ininli 12 khdng phai la phcp dai hinh, la lay ()((); 0), A( I; 1). Fa c6 
1(0) ~ (): 12(A) - A:(2;2) 

Rta nng; OA ^ OA^ ncn \', khdng phai la phcp ddi hinh 
KDiaig diiih a can (C') sai 

I'! drac goi la phcp ddi xirng qua du'dng phan giac gdc phan tir thi'r nhat 
F2 drac goi la phcp ddi xirng qua true tung 
Cau :5: .ay 0(0; 0); A( 1; I). Ta ed 
r( O ^ O; F(A) ^ A(m; m) 

F la )hep ddi hinh OA ^ OA <=> OA“ = OA “ <=> 2 = 2in“ c=> m = ± 1 
Thiirai ta nhan hai gia tri nay cua m 
DS: D) 

Cau (6: iy 0(0; 0); A(l; I). Ta cd 
FO)- O: I (A) - A(2;m) 

F laah^^p ddi hinh OA - OA OA‘ = OA' c:> 2 = m" + 4 phirong trinh 
khdn^ o Rghiem in 
DS: D) 

Cau 7: iy 0(0; 0); A(2; 2). Ta cd: 

FO)^ O: F(A) - A{l:2m) 


F Ha hep ddi hinh ^ OA' OA '<=>8^1+ 4m' o m" = 

7 , , 

Vedi r “ . (,a\ diem B(2; I), F(B) - B( I; m). Ta cd: 

4 

7 11 

C3' - 5; OB I f m' - I ~ ~ — 

4 4 
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4 


Vi G OiC ncMi F klidng phai ia phep ddi hinh 
DS: D) 

Can S: ipi 1(1) F. 

Vi A I, B tiiang hang nen B, F, A lhang hang 
'.aii o Al ^ IB > Bli - I|A 

I la trung diem cua AB, vi vay F - I 
DS: C) 
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Cau 9: Khang djnh a cau (A), (li) dung. Kliang djnii ((') sai \i ABC khonu thic la 
tarn giac deu 

Cau 10: De clu'rng ininh rang M ~ N. 

DS: (C) 

Cau 11: Goi C'l = l (C’). Vi f-(A) = A.1'(^M H ncn then tinli chat cua phep don Ihinh 
ta CO 

AABC - AABC, (BC - BC,, AC = AC,) 

Vi vay c6 hai kha nang \ay ra; C \a C', doi xirng qua Ali hoac C h C’, 

Theo gia thiet C va C, cung phia so v6i AB vi vay C’ ^ C', 

Vo'i mpi diem M ta ve diamg thang qua M cat AB, AC tai I). f ’ 

Theo cau 10, F(D) = D, F(F) = F va vi vay 1 (M) - M 
DS: (C) 

Cau 12: Clu'rng minh nhir can 11. OS: (A) 

Cau 13: Be dan gian ta dat F(X) ^ X, vdi moi X. I'heo gia thict 

B|Aj c=>—A]B| —\(A[B[ — A|M| ) 

<=> (I + \) A|Bj = \ A|M| 

Theo linh chat cua phep doi hinh ta c6; 2 A|B| = A|M| 

Vi vay ta phai c6 1 + x = 2x « x = 1 

OS: (A) 

Cau 14: 

Theo tinh chat cua phep doi hinh AM = AiM,. Ta tinh AM 

BM =2CM c:> AM - AB -2(AM - AC ) AM - 2 AC - AB 
Binh phirang v6 lurang hai ve ta c6: 

AM“ = 4AC“ +AB“~4AC AB (♦) 

Ta c6: 

BC - AC - AB 

Binh phirang vd htrang hai ve ta c6; 

BC- = AC- + AB- - 2 AC AB 
=> 2 AC AB - AC- + AB- - BC" 

The vac (*) ta c6 

AM--2AC--AB-+2BC- = 72 - 16 + 50 - 106 

OS: (A) 
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§2 PHFP l)6l \rN(. I Rl f 


TOrM I A r \A THIA F I 

I. i))inh nj»hia: [*hcp t!6i \img tjiia clunnu ihang a la phcp hicii hinh hicii moi dicni 
M llhanli dicin M ddi \ung \(Vi M tpia. ta ki liicii [ilicp ddi \unu qua diidiig lhang a 
la D).,. du'ong thang a dime goi la true ddi \inig 

•* M i),,(M) ■: > M(,M M()M vtVi \1 , la hiiih ehieii \uoiig giK' eua V1 leu a 


! 


•• l^ieti ihire toa do eua phcp ddi \ung: 

I nuig mat phang toa do ()\\ cho M(\: > ). goi \1 l),,t\l) > ) 


^ Neu a la true 0\ thi 


\ - \ 

> -y 


[x = -X 

+ Neu a la true Ov thi < 

[y -y 

2. !»inh ii: Idiep ddi \irng true la phcp ddi hinh 

3. 0)jnh n{»hia: Dirdng thang d dime goi la true ddi \ung eua hinh H neu phcp ddi 
xirnigtruc l),i hien W thanh chi'nli nd 


CAvC DANG TOAN CO BAN 

1. D)ang toan 1: Xac djnh anh ciia hinh H qua phepetoi xung true 

iPhuxrng phap: De xae dinh anh W eua hinh II qua phcp ddi xirng true D., ta lay 
dierm M bat ki va tim tap hap cac dicMti M ^ D,,(M) bang eac each sau 

• Dung dinh ngliTa 

• Diing bicu thuc vecla 

• Dung bicu lluVc toa do 


\'D)I: Cho tir giae ABC'!). Hay dirng anh eua 
lir giiac ABCI) qua phcp ddi xung true Al) 

(>iai 

tChi can xae djnli anii ciia cae dinh A. B. 
C, IDqiia AD (\cm I linh 2) 

. Aih la lir giae AB(-' D _ 



Hinh 2 







VD2: I'rong mat phang Oxy cho dirong thang d: \ - 2\ +2 = 0 va dirong ironi ((('): 
X- + y- - 2x = 0 

a) rim anh cua M( 1; 0) qua phep doi xirng true d 

b) Tim anh cua dircrng th^ng d qua phep doi xirng trge Ox 

c) Tim anh cua (C) qua phep doi xirng true Oy 

d) Tim anh cua (C) qua phep doi xurng trge d 

Giai 

a) Ggi M( \; y) la anh cua M qua phep doi xirng tryc d 


G 9 i Mq la trung diem cua MM thi Mo( 


X +1 


y 

2 


) 


Dirong thang d c6 vecto phap tuyen n (1; -2) 


Ta c6: MM cung phircmg voi n va Mo e d <:=:> 


X -1 y -0 




I 2 2 


o 


2x +y =2 
x' -2y' = -5 


o 


X = -• 


5 


]2 

5 


X = X 


b) M(x; y) gpi M (x: y) la anh ciia M qua Ox ta c6 

■y = -y 

M Gdc>x-2y"t'2 = 0ox - 2(-y ) + 2 = 0ox +2y + 2 = 0 
<=> M thuQC duerng thSng d: x + 2y + 2 = 0 
Vay anh cua d qua ph^p doi xirng tryc Ox la dirong thSng d: x + 2y + 2 = 0 

... X = -X 

c) N(x; y), Goi N(x; y) la anh cua N qua Oy ta c6 • 

[y = y 

N G (C) o x‘ + y" - 2x = 0 o (-x)' + y*'- 2(“X) = 0 <=> x“ + y‘ + 2x =0 
o N thuQC dirong tron (C): x“ + y' + 2x = 0 
Vay anh cua (C) qua phep doi xirng tryc tiing la dirong tron (C): x' + y' + 2x (0 

d) (C) c6 tarn M( I ; 0) va ban kinh R = 1 

1 12 

Theo cau a, anh cim M qua phep doi xirng true d la diem M(--; ^ ) 

1 1:2 

Anh ciia (C) qua phep doi xirng tryc d la duong tron (C 1 ) c6 tarn M(~-; — ) 


5 5^ 


1 12 

va ban kinh Rj = R = 1. Vyy (Ci): (x + - )“ + (y-“ 1 

5 5 
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II. D^aiii losin 2: Tim true doi xirng ciia mol da ^iac 

P/Inrrn^ phdp: Sir dunu tinh chat; Neu niol da liijtc co true dot vunu la d thi t]ua : 
i piic'p d:i \iriig true d nidi dinh cua da giac phai bien lhanli indi dinh eua tid. mdi ; 
eai h cia da giae phai bien thanh mot canh eua da giac \a bang canh a\ 

\T>I : Tnn cac true ddi xirng cua liinh clul nhat AIK I) 

(liai 

G ia .u Al^ • ( n 

(api ),( la phep ddi xt'rug true d bien ABC'I) lhanh chinh no. ( ae trirong hop \a\ ra 

• Al bien thanh AB 

^ Neu Id A) = A -> F'(B) - B AB r. d; dieu nay khdng the \a\ ra 

^ Neu F(A) B —> I-(IT) A d la dirdng irung true eua AI^ 

• , Al bien thanh CD 

’Neu ImA) - C. I (B) - D AC' ' IB): klidng the \ay ra 

" Neu 1 ( A) I), 1(B) C d la dirdng trung true cua Al) 

V;a\ linh clul iiIku A BCD ed hai true ddi \ung 
VD'2: Cu'rng minli rang neu tain giae c6 true ddi \irng. thi true ddi xirng phai di qua 

nipt diiii! cua tani giae. tir do sii\ ra so true ddi vung eua tain giae can, tarn giac deu 

(viai 

Giia ir lain giae ABC c6 true ddi xirng la d khdng di qua dinh nao cua tarn giac 
Nteu ^d(A) B thi Dj(C) A hoac Dj(C) "= B 

Neud)d(A) - B \a D,i{C) ^ A thi d vira la trung true cua AB vira la dudng trung 

true cu’ii AC. dicu nay khdng the \ay ra 

Caic rudng lipp khac clu'rng minh tirang tir, ta dcu di tdi man lliiian 
Vu\\ leii tain giac cd true ddi xiVng. thi true dot xirng phai di qua mdl dinh cua 
taiTi g'.ia 

Tur 6 su) ra tain giac cfui cd mot true ddi xirng. lam giac dcu cd 3 true ddi xirng 

CAU HMTRACNGHIEM 

Cau 11; dio dudng tliang a. Qii^ phep ddi xirng true nhCrng diem nao sau day 
bien tihah chinh no 

(Adlh frng diem ihudc dirdng thang song song vdi a 
(B'l) Thirng diem ihudc dirdng thang a 
(C') Ihirng diem ihudc duimg thang vudng gdc vdi a 
m Ilnnig diem lliudc dudng thang hop vdi a gdc 60'‘ 

Cau 22: 'ho dirdng thang a. Qua phep ddi xirng true dircmg thang nao sau day 
bien tlliah chinh ik'C 

(A.) <ac dudng thaim song song vdi a 
(B'.) hfdng tliang a 

(C') (ac dirdng thang hop vdi a mot gdc 60^’ 

(D») Ck dirdng tliang lipp vdi a gdc 45^^ 
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Cau 3: Cho dirang thang a. Qua phcp doi \irng true D,„ dirdng thang nao bhien 
lhanh chi'nh no ? 

(A) ( ac dirong thang song song voi a 

(B) C ac dirong thang vuong goc vdi a 

(C) Cac dirtmg thang ligp vai a mpt goc 60^ 

(D) Cac diroiig thang hgp vdi a goc 30*' 

Cau 4: Cho dirong thAng a. Qua phep doi xCrng true D., duang thang d bicn thoanh 
d. Gia su d cat d. C'hpn khSng dinh dung 

(A) d song song vai a (B) Ba dirong thSng a, d, d dong qui 

(C)d song song vai a (D) a, d. d song song ti'rng doi 

Cau 5: Cho dirang thang a. Qua phep doi xurng true dirong thang d bien thaanh 
d. Vdi dieu kien nao thi d vuong goc vdi d 

(A)d song song a (B)d vuong goc vdi a 

(C) d hop vdi a mot goc 45^ (D) d hop vdi a goc 30^’ 

Cau 6: Trong cac khang djnh sau, kh^ng djnh nao dung, khang djnh nao sai ? 

(A) Qua phep doi xirng true D..,, tarn giac deu bat ki bien thanh chi'nh no ? 

dung^ sai 

(B) Qua phep doi xung true Da, dudng tron (C) cd tarn thu^ a bien thanh chinh, nod ? 

' ; dung, sai 

(C) Ton tai phep doi xirng true Da bien tarn giac can thanh chinh nd 

, dung^ ■ ; sai 

Cau 7: Cho hai dudng thang d va d song song. Cd bao nhieu phep doi xung i tryc 
bien dudng thang nay thanh dudng thang kia? 

(A) 1 , (B) 2 (C) 4 (D) V6 so 

eSu 8: Cd bao nhieu phep doi xung tryc bien dudng thang a thanh chi'nh nd 
(A) 1 (B) 2 (C) 4 (D) V6 so 

Cau 9: Cho hai dudng tiling c^t nhau d, d. Cd bao nhieu phep doi xung true 1 bien 
dudng th^ng nay thanh dudng thang kia? 

(A) I {B)2 (C)4 (D)V6sd 

Cau 10: Cho dudng trdn (C) va dudng thSng a la tiep tuyen ciia (C). G(;>i (C.'i) la 
anh cua (C) qua phep doi xung tryc Dg. Ch^n khSng dinh dung: 

(A) (C) va (Cl) cat nhau (B) (C) va (C|) khdng cd diem chung 

(C) a ckx (C|) (D) a la tiep tuyen chung cua (C) va (tC|) 

Cau 11: Trong cac khang dinh sau, khSng djnh nao dung ? 

(A) Tam giac can nhung khdng deu cd vd sd tryc doi xung 

(B) Tam giac deu cd vd sd tryc ddi .xung 

(C) Tam giac can nhung khdng deu cd mot tryc ddi xung 

(D) Moi tarn giac deu cd true ddi xung 

Cau 12: Trong cac khang djnh sau. khSng djnh nao dung, khang djnh nao sai? 

(A) Duimg trdn cd vd sd true ddi xung dung, sai 
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(l«) >hcp do xun;^ iruc bicn mot tlironu iron llianh mot dirbng trbtt hang no 

dung. sai 

((r')i am gi.ic dcii c6 \o so true doi \ung dung. sai 

(U))i|i nil Vuong \ o so true doi \ung dung, sai 

( au I,: ! linh ciu'i iihat (kliong piiai la hinh vuong) eo bao nhicii true dbi \irng‘.^ 

(AV) i (H)2 (C)^ (I))4 

Cau !*: I linli \ ubng eo bat) nhieu true doi \irng 

(A\)] (H)4 (C)6 (D)8 

Cau 1:; I rong eae kliang dinh sau. khang dinh nat) dung, khang dinh nao sai'? 

(A\) )iiang thang c6 vb so true dbi \img dung, sai 

(l«) 1 inh gbm hai dubng trbti eat nliau \a cb ban kinh bang nhau eb ! tme dbi xirng 

dung, sai 

(CC) Hinh gbm hai dubng thang song cb tat ca cac true dbi xirng la cac dubng 

thang \ubng gbc vbi hai dirbng thang ay dung, sai 

Cau 1»: C'ho dubng thang d va hai diem A. B nam cung phia dbi vbi d. Goi A] dbi 
xirngi d'i vbi A, Bi dbi xirng dbi vbi B qua d. M la diem tren d thoa man MA + MB 
be nh.ia Chon khang dinh sai 

(AV) jbe giua AM va d bang gbc giua BM va d 
(Bi)vl lag) ao diem eiia A]B va d 

(CC) v1 la giao diem eua AB| va d 
(ID)vl la giao diem eua AB va d 

Cau 1: Cho hai diem A, B nam khac phia so vbi d va khoang each tu A den d 
khac ; koang each tu U den d. A| dbi xirng vbi A qua d. M la diem tren d thoa man 
I AM I -BM I Ibn nhal. Chon khang djnh dung 

(AV)v1 la giao diem eua AB va d (B) M la giao diem ciia AiB va d 
(Cr)v1 la giao diem AAi va d (D) Cac khang dinh b (A), (B). (C) deu sai 

Cau Cho diem M nam tren dubng kinh AB ciia dubng Iron (C) ban kinh R. 
Day ccug CP di qua M va hop vbi AB gbc Gia tri cua CM"^ ^ DM" bang 
(AVVR’ (B)3R- (C)8R" (D)2R- 

Cau Cho hai diem cb dinh B va C tren dirimg trbn (O; R) va diem A thay dbi 
tren ddirng-tron db. (ioi II la true tarn cua tarn giae ABC, Ho la giao diem cua AH 
va (O); ) (Ho ^ A). Troiig cac khang dinh sau khang dinh nao dung ? 

(A\) IH() la dubng iriiiig tr^rc cua BC 

(ffi) u g.ac BI ICI lu chi cb the la hinh binh hanh nhirng khbng phai la hinh thoi 

(CT) I Ihubc dubng trbn c6 dii>h 

(0)) 'ac khang djiih a (A), (B), (C) deu sai . 

Cau I2i Vbi moi iir giac ABCD. Ki hi?u S(ABCD) la dien tich cua tu giac ABCD. 
Chon 1 kang dinh dung 

(AV)(ABCn) - ? (AB.CD+BC.AD) 
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(B) S(ABCD) > (AB.CD f BC.AD) 

(C) S(ABCD)< ^ (AB.CD + BC.AD) 


(D) S{ABCD) > - (AB.CD + BC.AD) 


Cau 21: Trong mat phang Oxy, cho phep bicn hinh F bien diem M(x; y) thnanh 
M,(-x;y) 

Chpn kh^ng djnh dung 

(A) F la phep doi xung vai tryc la Oy 

(B) F la phep doi xung vai true la Ox 

(C) F la phep doi xung vai true la duemg phan giac cua goc phan tu th u nhat 

(D) F la phep doi xung vai true la duang phan giae ciia g-Sc phan tu th u hai 

Cau 22: Trong mat phang Oxy cho phep bien hinh F bien M(\; y) ihanh M (y;: x). 
Chon khang djnh dung 

(A) F la phep doi xung vai true la Oy 

(B) F la phep doi xung vai true la Ox 

(C) F la phep doi xung vai true la duemg phan giac cua goc phan tu th u nhat 

(D) F la phep doi xung vai true la duang phan giac cua goc phan tu th u hai 

Cau 23: Trong mat phang Oxy cho phep doi xung true vai a la duang thSngg c6 
phuang trinh 2x - y = 0. Lay A(2; 2). Da(A) c6 toa dp bang bao nhieu ? 


(A) (-2; 2) 
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(D)(y;|) 


2 ' 2 ' ' ' \S 5 

Cau 24: Trong mat phang Oxy cho phep doi xung true Da vai a la duemg lh5ngg c6 
phuang trinh 2x - y = 0. Gia sir A(ai; aj). Da(A) c6 toa dp bang bao nhieui? 


(A)( 


4a, -3a. 4a, + 3a, 


) 




4a, - 3a. 


) 


(C)( 3a,-4a, , 3a;+4a, ) ^p^^ 3a, ^4a, ; 3a, -4a, ^ 

Cau 25: Trong m$t phSng Oxy, cho hai diem M(l; 3) v^ M (-1; I). Phep doi xuung 
tr\ic Da bien diem M thanh M c6 tryc a c6 phuorng trinh la: 

(A) X - y + 2 - 0 (B) X - y - 2 = 0 

(C)x + y + 2 = 0 (D)x + y- 2 = 0 

Cau 26: Trong mSt phang Oxy xet phep bien hinh F bien diem M(x<); yo) thnanh 
diem M|(xo + a; -yo) vai mgi Xo, yo, a la s6 thuc cho truac. Trong cac khang ddjnh 
sau khang dinh nao dung, khang dinh nao sai? 

(A) Co gia tri cua a de F la phep doi xung true dun g, saai 

(B) Ton t^i it nhat 2 gia trj khac nhau cua a de F la cac phep doi xumg ttryc 

, dung, saai 

(C) F la phep dai hinh vai moi gia tri cua a □ dun g. ■ saai 
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C au 27: I rotm mat phana \oa di! ()\v cho duonu ihaiiiz ci: \ \ 2 0. Anh cua d 

'qua pliep ddi true hoanh la diidna itianu co phiioim Irinli la; 

(A) \ ^ > 2 0 (B)\ 0 

(C) \ t \ * 2 0 (D) ^ i 2v i 0 

Cau 28: Troiva mat [diaa" uxj do ()\> cho dinnig diang cl: \ -- y 2 0. Anh cua d 

qua phcp ddi true luau !a duomu thang cu phiayng trinh la: 

(A) X \ O 0 (B) \ M ' 2 - 0 

(C) \ f \ - 2 0 (D) \ ' 2> 2-0 

Cau 29: I'rong mat phang ()v> cho dirdng lliang d: \ - y I - 0. Anh ciia d qua 
phep ddi xirng uuc la duong plinn giac cua gdc phan tur thu nhat la du'cmg thang c6 
phirang trinh la; 

(A) X y + I - 0 (B) \ ^ V - ! - 0 

(C) X - y - I - 0 (D) X - > + 2 - 0 

Cau 30: Trong mat phang Oxy cho dudng thang d; x + y + I =^0. Anh cua d qua 
phep ddi xung true la dirdng phan giac cua gdc phan ter thir hai la dirdmg thSng c6 
phircmg trinh la; 

(A)x^y--i-O (B)x->^I=0 

(C) X ' \ - I - 0 (D) X + V ^ 2 - 0 

Cau31: Trong mat phang Oxy, cho dirdng thang d c6 phircmg trinh x - h = 0. Lay 
M(x y). Gia sir phep do'i xung qua true d bien M thanh M . M c6 to^ dp b§ng: 

(A)(h- \;y) (B)(2h- \;>) (C) (h - 2x; y) (D) (x - 2h; y) 

Cau 32: Trong mat phang Ox>, cho duong thang d c6 phuong trinh y - h = 0. Lay 
M(x y). (iia sir phep doi xirng qua true d bien M thanh M. M c6 to^ dp bang: 

(A)(x:h-y) (B)(x;2h-y) (C)(x;h-2y) (D) (x; y - 2h) 

Cau33: Trong mat phang Oxy cho hai duong thang I: y - 2 = 0, d: x + 2y +2 = 0. 
Gpi i la anh ciia d qua phep ddi xirng true 1. Phuong trinh cua d la: 

(A)x - 2\ + 10 0 (B)x + 2y +10 = 0 

(C)x 2y- 10 =0 (D)x + 2y 10 =0 

Cau34: 1 rong mat phang (.)\\, cho hai duong thang d: x - y = 0 va 1, x - 2y = 0. 
■Gpi i)| la phep ddi xirng qua true I, Phuong trinh duimg th3ng d| la anh cua d qua 
D|la 

(A)x-7y -M) (B)7x-y = 0 (C) x + 7y = 0 (D) 7x + y = 0 

TRA Ldl 

C&ul:(B) 

CSu2: (B) LC_ , / OC 

Cau3: 

Ga sir I la dirang thang vudng goc veVi a 

by A e I, goi b,( \) A], iheo tinh chat cua phep doi xirng trge A|A 1 a- 
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=> A| e I 

Ngugc l^i lay AI e I, ton lai A e ! thoa m3n Da(A) = A\ 

V^y Dad) = 1 
DS; (B) 

Cau 4: Theo chixng minh a cac cau trie nghi^m tnrac ta c6 d va d khong vutonig 
goc vai a, khong song song ho^c triing vai a 
Gpi A=dnd, Da(A) = A, 

Theo tinh chat ciia phep doi xumg tryc, Ai la giao diem ciia d va dirong thiimg 
qua A va vuong goc v6i a, vi vgy A = Ai 

Vi Da(A) = A nen A nim tren a, hay noi each khac d, d, a dong qui tai A 
DS: (B) 

Cau 5: Theo cau 4, d, d, a phai dong qui t^i M 
Lay A e d, g<?i Da(A) = A e d 
Tam giac MAA vuong can tai M 
V^y d hgrp vai a goc 45° 

DS: (C) 


Cau 6: 

Khang djnh a (A) ro rang la sai 
Khangdjnha (B) la dung 

Khing djnh a (C) la dung, phep doi ximg tryc bien tarn giac can ihanh chtnhi mo 
c6 tryc la dirong cao urng voi dinh cua tarn giac can do 

eSu 7: Co 1 phep doi xtrng tryc bien duong thing nay thanh duang thing kia., cdo 
1^ ph^p ddi xung tryc la du^g thing song song va each diu d, d 


DS: (A) 

Cau 8: Vo so. Do la cac phep doi ximg voi tryc la cac duong thdng vuong goc vdri ta 


DS:(D) 

C&u 9; Co hai phep ddi ximg tryc voi cac tryc la hai duemg phan giac cua cac gcoc 
tyo bdi hai duong thang edt nhau d, d 
DS: (B) 

Cau 10: (D) 

Cfiu 11: Tam giac can nhung khong deu c6 mpt tryc doi ximg la duong cao limig 
voi dinh cua tarn giac can do 
DS: (C) 


Cau 12: 

Khang djnh 6 (A) dung. Cac duong thang qua tarn deu la tryc doi ximg ciua 
duong tron, vi vay duong tron c6 v6 so tryc doi xung 
Khang djnh d (B) dung. 

Khang djnh o (C) sai. Tam giac d6u c6 ba tryc doi xirng 
Khang djnh d(D) sai. Hinh vuong c6 bon tryc doi xirng 
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Can 13: f iinh cluT nlial c6 2 true doi \irng do la 2 dirang triing true cua cac canh 
(xen Hinh }) 


Hinh 3 



ES: (B) 

Caul4: Hinh vuong c6 4 true doi xirng (xem Hinh 4). 
IS: (B) 


Caul5: 

(/) Khang dinh dung 

(1) Khang djnh sai. Hinh gom hai duang tron bang nhau va cat nhau c6 hai true 
doi xrng do la true dang phuemg cua chung va duemg thang noi tarn 

{<) Khang djnh sai. Hinh gom hai duang thang song song gom cac tryc doi 
xunt cac duang thang vuong gee vai hai duang thang va duang thang song 
song each deu hai duang thang do 
Caut6: 

By la bai toan kha noi tieng quen goi la "Bai 
toan leron vc lia sang" (xem Hinh 5) 

Vri mpi diem N thuoc d ta c6 A|N + BN > AtB 
Li do: A|N = AN, AjM = AM, nen 
Ai - BN = A,N 4 BN > A,B 

-A,M4MB-AM + MB 
Dng thuc xay ra khi M = N 
V v$y M la diem tren d thoa m^n MA + MB be 
nhat i giao diem cua ABi va d (cung la giao diem 
cua /iB va d) 

Cc khang dinh a (A), (B), (C) deu dung 
£>: (D) 

Cau 7: A 

Vi khoang each tu A va B den d khac 
nhau nen AiB cat d tai M (xem Hinh 6) 
Vdi moi diem N bat ki thupc d 
lAN-BNl = i A,N~BN|< AjB 

= Ia,m-bmI = Iam-bm 
V^y diem M thupc d sao cho I AM - BM I 
Idn nhat la giao diem ciia A|B va d 
OS: (B) 
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Cau 18; 

Sir dyng phep doi xung qua true AB. Gpi C doi xirng vdi C qua AB, D d^oi 
xtmg vdi D qua AB 

Ro rang C, D n4m tren durdng tron (B^n dpc t\r ve Hnh) 

De chi/ng minh r§ng tarn giac C MD la tarn giac vuong tai M 
Theo djnh ii Pitagor; 

CM^ + DM- = CD- 
Do ti'nh doi xumg: CM = CM, vi v^y: 

CM- + DM^ = C D^ 

De thay ZCCD = 45”. Theo djnh li sin ta c6: 

CD = 2Rsin45" = V2 R 
Do do: CM- + DM’ = 2R- 

DS:(D) 

Cau 19: (xem Hinh 7) 

Ta CO ZHAC = ZHBC (cung phu vdi gdc C) 

ZHAC = ZCBHo (cung ch§n cung HqA) 

=> ZHBC = ZCBHo 
V§y H, Ho doi xiimg nhau qua BC 
Hay BC la dudng trung tiyc ciia HHo 
Kh§ng djnh d cau (A) sai 
Vi tu giac BHCHo c6 tryc doi xihig la BC nen 
neu BHCHo la hinh binh hanh thi c6 the la hinh 
thoi, kh&ng djnh (B) sai Ho doi xumg doi vdi BC, 
nen H thupc dudng tron (C) la anh ciia (O; R) 
qua phep doi xumg tryc BC Hinh 7 



DS: (C) 

Cfiu 20: (xem Hirih 8) 

Su dyng phep doi xiimg qua dudng trung Uye 

AC, va ket qua S(ABC) < — AB.AC 

2 

Gpi D 1^ diem doi xumg cua D qua dudng 
trung tryc cua AC 

S (ABCD) = S(ABCD) A 

= S(BAD) + S(BCD) 

Do: S(BAD) < - AB.AD, S(BCD ) < - BC.CD 

Va AD = CD; CD = AD 

=> S (ABCD) < - AB.AD + - BC.CD 

2 2 



Hinh 8 
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( AH.Al) + BC.CD) - - (AB.CI) + FK.AD) 

1 


mh (C) 

Caui ;i; I la phep doi xirng true Oy. 

®‘-. (A) 

Caui 2: 1 la phep doi xirng vdi true la dircrng phan giac ciia goo phan tir thir nhat. 
eh (C) 


Cam 3: Dat t3(x; y) = Da(A). Goi H la trung diem ciia AB ta c6 H( 


X + 2 y + 2 


n (2; I) la vecta phap tuyen cua a 


'(x-2)l + 2(y-2)-0 


Ta; 6 : ( AB ,n cung phircmg) va H e a <=> j ^ X + 2 y + 2 ^ 


X 4 2y = 6 
2x-y = -2 


2 

X = — 

5 


eh (C) 

Cam 3: Giai tircmg t\r nhir cau 23 

Da B(x; y) = Da(A). Ggi H la trung diem cua AB ta c6 H( 


x + a, y + aj 


n (2; I) la vecta phap tuyen ciia a 

(x-ai)42(y-a2) = 0 

Ta 6 (AB, n ciing phirong) vaH6ao<^X4ai y4a2 ^ 


X 4 2y = 3] 4 2a2 
2x - y = -2ai 4 a 2 


Tao D 


12 

= -5; 

2 -1 

ai 4 232 2 

-2a| 4 32-1 

1 3] 4 232 

2 — 2a I 4 H-) 


= -3) - 232 + 4a| - 232 = 33, - 432 


= -2ai 4 a2 - 2ai - 4a2 = -4ai - Sa? 


... Dx 432 -331 D\ 4ai4 332 
■ D .5^0 5 

0S(A) 
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CSu 25: a phai la dircmg trung try'c cua MM. Ta viet phucmg trinh cua a theeo 
"ngon ngO* tap hgrp" nhu sau 

A(x; y) e a c:> AM‘= AM^ <=> (x - 1)‘+ (y - 3)‘= (x + 1(y - 1)“ 

<z> 4x + 4y - 8 = 0<=>x + y- 2 = 0 
V|y phirong trinh cua alax-*-y-2 = 0 
DS: (D) 

Ciiu26: 

Ta viet phuang trinh dirong trung tr\rc (d) cua MM|. 

N(x; y) e (d) <» MN^ = M|N^ o (x - Xo)^ + (y - y,))' = (x - xo - a)’ + (y + yo))^ 
<=> x^-2xoX + X 0 +y^-2yoy + yo =x^ + Xy +a^-2xox-2ax + 2xoa + y’+ 2y{)y + y«'o 

<=> 2ax - 4yoy - 2xoa - = 0 (♦) 

F la phep doi xumg true <=> (*) khong phu thupc xq, yo => a = 0 
Vai a = 0 thi (*) CO d^g-4yoy = 0 => y •= 0 
Nhu v|iy F chi c6 the la phep doi ximg qua trqc hoanh 
Khing djnh a (A) la dung (a = 0) 

Khing djnh 6 (B) la sai 
Ta xet khing djnh a (C) 

Lay N(xi; yi), qua F, N bien thanh N|(xi + a; -yi) 

De thay ring MM| = NN| 

V|ly F phep ddri hlnh vdi mpi gia trj cua a 
Khing djnh (C) la dung 
Cau 27: 

Liy M(x; y), M (x; -y) doi ximg vdi M qua tryc hoanh 
V4y anh cua d qua phep doi xumg tryc hoanh c6 phuomg trinh 
X - (-y) - 2 = 0 o X + y - 2 = 0 

DS:(A) 

C&u 28: 

Lay M(x; y), M (-x; y) doi xumg vai M qua tryc tung 
Vly anh cua d qua phep doi xirng tryc tung la; 

-X - y - 2 = 0 o X + y + 2 = 0 

DS: (B) 

Cau 29: Lay M(x; y), M(y; x) la anh cua M qua phep doi xung voi true la duoTng 
phan giac ciia goc phan tu thu nhat 

V|y anh cua d qua phdp doi xumg qua tryc la duong phan giac cua goc phan i tu 
thu nhat co phuang trinh; 

y-x+l=0ox-y-l=0 

DS:(C) 

Cau 30: Lay M(x; y), M (-y; -x) la anh cua M qua phep doi xung vai tryc la 
duong phan giac ciia goc phan tu thu hai 
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Va\ aiih cua d qua phep doi xirng qua tr\ic la dirang phan giac cua goc phan tu 
thir tiai cd plnrang triuh: 

> \ 4 I 0 \ 4 y 1 - 0 

DS: (A) 

Cau 31: M c6 toa dp (Xi; >) vai x -f xt ^ 2h Xi = 2h - \ 

DS: (B) 

Caw 32: M c6 toa do (x: Vi) vai y + yi == 2h ==> yi = 2h - y 

DS: (B) 

Cau 33: Theo can 20, lay M(x; y). Anh cua M qua phep doi xirng tryc I la M (Xi; yi) voi: 
|x,=x 

IVi [y -4-yi 


M G dc:>x + 2y + 2^0c=>xi +2(4-yi) + 2="0'OX|~2yi + I0==0 
c::> M e d CO phuong trinh x - 2y + 10 = 0 
BS: (A) 


Cau 34: 

Cd nhieu each giai bai toan nay 
d Na I cii nhau t^i 0(0: 0) 

Lay M( I; 1) G d. Gqi M i(x; y) la anh cua M qua Di, 
I c6 vecto phap tuyen n (1; -2) 


Goi H la trung diem cua MM| ta c6 H( 


x + 1 y + 1 
— ’ — 



Taco H 6 I va MM, cung phuremg vdfi n, vi vay 

(x-2y,l H 
(x-l)2 + (y-l) = 0 l2x + y = 3 

Vay d| la dircmg thSng qua O, M| 

»S: (A) 


5 , 2 1 
=> M|{ — ; - ) 
1 5 5 


5 
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§3. PHEP TfNH TIEN 


TOM TAT Li THUY ET__ 

1. Djnh nghia; Phep tjnh tien theo vecta u la mot phcp dai hinh hien diem NVi 
thanh diem M sao cho MM = u, ki hieu T 

ti 

2. Tinh chat: 

• Trong mat phang Oxy, cho u (a; b), M(x; y), L (M) ^ M , ta c6 M (x + ;a; y + bo) 

• Phep tinh tien theo vecto 0 la phep dong nhat (bien diem bat ki thanh chiinh no) 

• Phep tjnh tien la mot phep dai hinh 


CAC DANG TOAN CO BAN 

I. D^g toan 1: Xac djnh anh cua hinh Hqua phep tjnh tien 


Phmmg phdp: De xac djnh anh H cua hinh H qua phep tjnh tien T ^ ta layy 
diem M bat ki va tim tap hgrp cac diem M = (M) bang cac each sau 


• Dung djnh nghia 

• Dung bieu thuc vecta 

• Dung bieu thurc to^ dp: Gia su H c6 phircmg trinh f(x; y) = 0, v = (a; b) 


M(x;y), T- (M) = M(x;y)o 
M e H o ffx; y) = 0 o ff X - a; 


x' = x + a [x = x'-a 
o < 

y* = y + b iy = y*-b 
-b) = g(x;y) = 0c:>M 


e 


H':g(x; y) = 0 


VDl: Cho hinh lyc giac deu ABCDEF c6 tarn O. Phep tjnh tien theo vecta BO ttu 
gikQ ABCO bien thanh hinh nao? 

Giai 

Qua phep tjnh tien theo BO 
A bien thanh F 
B bien thanh O 
C bien th^nh D 
O bien thanh E 

V$y Snh can tim la hinh binh hanh FODE 

VD2: Trong mat phang Oxy cho vecto u (1; 2), diem M(1; 0), duang thamg d: x + 
2y = 0, duang tron (C): x^ + y^ - 2x = 0 

Xet phep tjnh tien T theo vecta u 

a) Tim anh cua M qua T 

b) Tim anh cua d qua T 

c) Tim anh cua (C) qua T 
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(fiai 


a) ^(2; 2) 


b) N 




\ ' \ + 

1 1 X X ' 

\: V). goi N (' 

.: V ) KM 

) la CO < 







, y --- y ' 

2 ly-y' 

\ 

e I) \ t 2 

> = 0 0 (X 

- 1) + 2{ 

> - 2) - 

0 0 X 2\ 

0 I' 

thuoc duang 

thang d: X 

^ 2\' - 5 

=- 0 


Vay 

u+h cua d qua 

f la dirmig 

thang d: 

X + 2y - 

-5=0 

c) N 

H (C) <=> x“ + 

V- - 2\ = 0 

co(\ - 

1+ (y 

-2r-2(x - 


2 

5-0 


O \ ‘ + y ' - 4\ - 4> +7-0 
V > N thuoc diroTig tron (C ): x* + y' - 4\ ~ 4y + 7 " 
Vaymh cua (C) qua I la duang iron (C ): x" + > ' - 4x - 4y + 


^0 

7-0 


CAU H)I TRAC NGHIEM 

Cau 1: 'ho duOTg thang d c6 vecta chi phucmg khong cung phucnig vai vecia u . 

Phep tin tien thco vecta u . bien dudng thang d thanh d. Chon khang djnh dung 

(A) I song song vai d (B) d trung vai d 

(C) ccat d (D) d CO vecta chi phuang u 

CSu 2: Mio dirang thSng d c6 vecta chi phirang u . Phep tinh tien theo vecta u 
bien dir<ng thang d thanh d. Chpn khang dinh dung 

(A) csong song vai d (B) d trung vai d 

(C) (cSt d (D) d khong nhan u lam vecta chi phuang 

Cau 3: iho hai dmrng thang song a va a . Co bao nhieu phep tinh tien bien a thanh a ? 

(A) i (B>2 (C)4 (D) Voso 

Cau 4: (6 bao nhieu pliep tjnh tien bien duang th^ng a thanh chinh no ? 

(A) 1 (B)2 (C)4 (D) V6s6 

Cau 5: rong cac khang djnh sau, khSng dinh nao dung, khSng djnh nao sai ? 

(A) Rep tinh tien bien dudng tron thanh duang tron bSng no □ dung, [ ] sai 

(B) T>n tai phep tinh tien bien duang tron thanh chinh no □ dung, [ i sai 

(C) Cio hai duang tron b^ng nhau, c6 v6 so phep tinh tien bien ducmg tron nay 

lanh duang tron kia □ dung, [1 sai 

(D) Gv 6 so phep tinh tien bien ducmg thSng thanh chinh no ' ' dung, [1 sai 
Cau 6: (ho hai duang thSng d| va d^ song song va each nhau mpt khoang h > 0. 
Goi D] V D. Ian lircri la phep doi xung qua true di va di Vai diem M bat ki, gia su 
Di(M) =VIu }):(Ml) - M^. Biet phep bien hinh bien M thanh M 2 la phep tinh tien 

theo vec7 u . Do dai cua vecta u b^ng 

(A)h (B)2h (C)3h (D)4h 
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Cau 7: Trong m$t phSng Oxy, cho hai dirang th§ng d|: \ - h| 0, d^: h? = 0 

(vai h| h2). Gpi D| va D2 Ian lucrt la phep doi xurng qua tr\ic d| va d^ Vni dicmi M 
bat ki, gia sur D|(M) = M|, D2(M|) = Mi. Biet phep bien hinh bien M ih.anh la 

phep tinh tien theo vectc u . To^ 6q ciia vecta u la: 

(A)(2h,-2h2;0) (B)(2h2-2h,;0) 

(C)(h2-h,;0) (D)(h,- h2;0) 

Cau 8: Cho duang thing d va vecto \x ^ 0 . Xet phep doi xurng D qua tryc d,, va 

phep tjnh tien T theo vecta u. Lay didm M tuy y. Gpi D(M) Mi, T(IM|) = fM 2 . 
Xet phep bien hinh F bien diem M thanh M 2 . Cac khing djnh sau, khing djnh inio 
dung, khing djnh nao sai ? 


(A) F khong phai la phep db\ hinh 

[' dun;g, 

L1 ssai 

(B) F la mpt phep tjnh tien 

r dun:g, 

C ssai 

(C) F la ph6p doi xung tryc 

r dumg. 

f! ssai 


Cau 9: Trong m$t phing Oxy cho vecta u = (a; b) vdi a^b. Xet phep di6i xum^g D 

qua tryc tung, va ph6p tjnh tien T theo vecta u. Lay di4m M tuy y. Gyi I>(M) = Mi, 
T(Mi) = M 2 . Xet phep bien hinh F bien diem M thanh M 2 . Gpi N la trung diem ciia 
MM 2 . Cac khSng djnh sau, khihg djnh nao sai? 

(A) F la phep dai hinh 

(B) Trung diem N thupc duong thing x = “ 


z •a 

(C) Trung diem N thuQC dudng thing ^ “ 2 


(D) Trung diem N thupc mpt dcrong thing c6 djnh 

Cau 10: Trong mit phing toa dp Oxy xet diem M(“l; 2), u = (1; 2). Gpi f0 la 
phep doi xixng qua dirong phan giac cua goc phan tu thii nhat, T la phep tjnh tien 

theo vecta u, M| = D(M), M 2 = T(M|). Diem M 2 c6 toy dp la 

(A)(3; I) (B)(3;-l) (C)(-3; 1) (D)(-3;-r) 

Cau 11: Gpi T|, T 2 la hai phep tjnh tien, Gia sir M la diem bat ki. Gpi MI| = T|((M), 
M 2 ^TiCMi). Gpi F la phdp bien hinh bien diem M thanh diem M 2 . Chpn killing 
djnh dung 

(A) F khong phai la phep dai hinh 

(B) F la mot phep doi xurng tryc 

(C) F li mpt phep tjnh tien 

(D) Cac khing djnh a (A), (B), (C) deu sai 

Cau 12: Trong h? toy dp Oxy, cho parabol (P) c6 phuang trinh y = x‘ + x. Gpi T la 


phep tjnh tien theo vecta u = (-1; 2), (P|) la anh cua (P) qua phep tjnh tiem T. 
Phifong trinh cua (P|) la; 
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(A)v IV Mx+ 1) 2 (B)y-(x ! ^ (\ ^ 1)^2 

(C)v (\ + i)’ Mx + 1) + 2 (D) V - (x 1)’ + (X - I) 2 

Cau 1.: Trong mat phang Oxy cho duang thang d; x + 2y 1^0, De phcp tinh 

lien ihi.) vecto u bicMi d lhanh d thi vecla u phai la vcclir nao trong cac vccto sau? 

(A)u (-2;4) (B)u-(2:-4) (C)u-(2;4) (D) u = (4; 2) 

Cau 1‘: Cho hai diem A, B phan bi^t. Vdi mgi diem M bat ki, lay Mt doi xurng vai 
M qua \, M: doi xirng voi V!| qua B. Xel phep bien hinh F bien M thanh M 2 . Chpn 
khang dnh dung 

(A) • khong phai la phep dai hinh (B) F la phep doi xung true 
(C) ■ la phep tinh tien (D) Cac khang djnh d (A), (B). (C) deu sai 

Cau 15 Cho 4 diem phan biet A, B, C, D. Ggi S|, S 2 , S^, S 4 la phep lay doi xumg qua A, 
B, C, C Vdi diem M luy y. Ggi Mt ^ S|(M), Mt S 2 {Mi), M; == Si(M 2 ), M 4 S^M^ 
Xet)hep bien hinh F bien M thanh M 4 . F la phep tjnh tien theo vecta 

(A)! AD (B)2(AC: + BD) 

(C):{AB + CD) (D)2(Ab + AC) 

Cau Ifc Trong m$t phang Oxy, xet phep doi xurng qua true hoanh D va phep tinh 

tien T tco vecla u = (a; 0) vdi a 0. Ggi M la diem bat ki. Mi = D(M), Mt = T(Mi). 
Xet pho bien hinh F bien M thanh Mt. Trong cac khang djnh sau, khing djnh nao 
dung, kikng dinh nao sai? 

(A) ' la phep ddi hinh L ] dung, [ ] sai 

(B) ^eu M CO toa do (x; y) thi M 2 cd toa do (a - x; y) 11 dung, □ sai 

(C) ■ la nigt phep doi ximg tryc r I dung, □ sai 

(D) ' la phep tjnh tien Ddung, □ sai 

Cau 1? Cho dtrdng tron tarn O ban ki'nh R, B, C la hai diem Iren dudng tron. Lay 
diem Abat ki thugc dudng tron. Ggi H la tr\rc tarn cua tarn giac ABC. Ggi B| la 

anh cufC qua phep tinh tien theo vecto HA . Chgn khang djnh dung 

(A) IBi >2R (B) BB, -2R (C) BB, = R (D) BB, = l,5R 

Cau 18 Cho tarn giac ABC ngi tiep dudng tron (O) lam O, Ggi H la hinh chieu 
vuong pc cua A len BC, K la tryc tarn cua tarn giac ABC. Ggi (0) la dudng tron doi 
xurng VC (O) qua IK'. (O) la anh cua (O) qua phep tinh tien theo vecto nao sau day? 

(A) VK (B) 0,5 AK (C) AH (D) 0,5 AH 

Cau 19 Hai dudng tron ban kinh R tiep xuc ngoai vdi nhau tai K. Tren mgt dudng 
tron ta ly diem A. tren dudng tron kia ta lay diem B sao cho ZAKB = 90°. Dg dai 
AB b^n, bao nhicu*? 

(A) 1 (B) V 2 R (C) V3 R (D) 2R 

Cau 20Tir dinh B cua hinh hinh hanh ABCD ke cac dudng cao BK va BH ciia n6. 
Biet rSn; KH == 3, BD = 5, Khoang each tu diem B den tryc tarn Hi cua tarn giac 
BKH C(gia tri bang 

(A) (B)5 (C )6 (D)4,5 
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Cau 21; Hai duong Iron ban kinh bang R cat nhau lai M, N. Dirang trung true tciia 
MN cat cac dirorng tron tai hai diem A, B sao cho A, B nam cung mot p-hia so vai 
MN. Gia trj cua MN“ + AB^ bang bao nhieu? 

(A)2R“ (B)3R’ (C)4R^ (D) 6R“ 

Cau 22: Trong mat phang Oxy cho duong thang d c6 phirorng trinh y — 2 va hai 
didm A( I; 3) va B(3; -4). Lay diem M tren d, N tren true hoanh sao cho MN vucong 
goc vai d va AM + MN NB be nhat. To^ dp M, N bang bao nhieu? 

(A) M( ^ ; 2), N( I; 0) (B) M( |; 2), N( |; 0) 

(C)M(^;2),N(^;0) (D) M(^ ; 2), N(^ ; 0) 


TRALCn 

Cau 1: d song song vai d. DS: (A) (xem Hinh 9) 


A e d, T(A) = Ai <=> AA[ =u d Ai Bi 

Bed,T{B)=B, o Bfi,' = u 
^ AAj = BBj 

^AB//A,Bi, hayd//d' 

Cau 2: (B) Hinh 9 

Cau 3: Co v6 so phep tjnh tien bien a thanh a, do la cac phep tinh tien theo veecto 

CO diem dau thupc a, diem cuoi thupc a. 



DS: (D) 

Cau 4: Co v6 so phep tjnh ti4n bien duong thing a thanh chinh no, do la cac pbhep 
tjnh tien theo vecta ciing phuang vdi vecto chi phuemg ciia a, ho$c phep tjnh ttien 

theo vecto 0. 

DS: (D) 

Cau 5: (xem Hinh 10) 

Khing djnh 6 (A) dung vi phep tjnh tien la mpt phep ddi hinh 
Khing djnh o (B) dung, phep tjnh tien bien duong iron th^nh chinh n<6 chinih la 
ph6p dong nhat (phep tjnh tien theo vecto khong) 

Khing djnh o (C) la sai. Neu 2 duong tron dong tarn thi c6 mpt phep tjnh ttien 
do la phep dong nhat bien duong tron thanh chinh no. Neu 2 duong tron lin lugit c6 
tarn O, 0| phan bigt, thi c6 2 phep tjnh tien bien duong tron nay thanh duong ttron 

kia d6 la phep tjnh tien theo vecto 00, va 0,0 

Khing djnh 6 (D) la dung, do la cac phep tjnh tien theo vecto ciing phuong ’ voi 
vecto chi phuong cua duong thing, hoSc phep tjnh tien theo vecto 0 
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M 


Hinh 10 

Cau 6: \cm Hinh 1 1) 

Ta ding bieu (hue tea do de tim dp dai vecta u 
Chpt he true toa dp Oxy sao cho d la true 
Oy, d ladirang thang c6 phucTiig trinh x = h 
Lay ii(\; 0). Ta c6: 

lVii(-x; 0); M:(2h x; 0) 

MVI 2 =(2h;0) 

V^y )hep tinh tien bien diem M thanh c6 
vecta tjm tien u =(2h;0) 

Vi va u CO dp dai bang 2h. 

DS: (8) 

Cau 7: dung ket qua cau 31,32, phan phep doi xirng true 
Lay dem M(x; y) ==> Mi(2hi - x; y) => M3(2hi - 2h| + x; y) 
^ MVi; -(2h2-2h,;0) 


d’ 


h 


Ml 


Hinh 11 


DS: (i) 

Cau 8: Ta dung phircmg phap to^ dp de giai bai toan nay 

Xet h; to 9 dp Oxy vai d: x = 0, u = (a; b) 

Gia sr M(\i; > 1 ). N(\ 2 ; ys) ta c6 
M(“Xi: > 1 ). M:(- X| + a; yi + b) 

Tirtm; tyrN:( x: a; ys + b) 

Ta coM^N - (Xi - X2)' + (yi - y2)‘ = MN' 

V§y I phai la phep dai hinh 
K\\in\ djnh a (A) sai 

Khan; djnh a (B) sai vi MM 2 “ ("2X| + a; b) c6 toa dp thay doi 
Khantdjnh a (C) sai. TJi^t v^y gi^ sur ngiroc lai, phep bien hinh noi tren la phep doi 
xumg tr\ici, thi a c6 vecto ph^ tuyen MM 2 ~ (“^Xi + a; b) c6 phirong khdng doi (v6 li) 
Chu y Hgrp thanh ciia nhieu phep dai hinh la ph^p dai hinh 
Cau 9; T\eo ket qua cua cau 8, F la phep dai hinh 

a 

Giai mu cau 8, ta thay N thupc dudng thfing c6 djnh ^ 

V|y (I) sai. 

DS: (I) 
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Cau 10: Chu y r§ng phep doi xumg qua duang phan giac cua goc phan tir thi'r inhi 
bien diem M(x; y) thanh M (y; x). Phep doi xung qua duOTg phan giac goc phain t 
thu hai bien diem M(x; y) thanh diem M (-y; -x) 

Theo ket qua tren ta c6: Mi(2;-I), M2(3; 1) 

DS: (A) 

Cau 11: Nh^n xet rkng mgt phep tinh tien khong the la mpt phep doi xung tryc 
Ta dung phuong phap toa dg de giai quyet cau hoi trSc nghigm nay 

Gia sur Ti la phep tinh tien theo vecta U) = (ai; bi), T 2 la phep tinh tien the 
vecta U 2 = (a^; b:) 

Gia su M(x; y), ta c6 M|(x + ai; y + bi), M 2 (x + a, +a 2 ;y+ b| + b.) 

V^y F la phep tjnh tien theo vecta u = MM 2 “ (^1 ^ ^ ~ ^'2 

DS: (C) 

Cau 12: Voi diem M(x; y), ggi T (M) ^ M, ta c6 M (x; y) vai 


x’-x-l fx-x’+l 

ly' = y + 2 ly = y'-2 

M € (P) oy = x“ + xoy-2 = (x+ iy + (x + l)<=>y=(x + I)“ + (x+ l)) + 2 
o M thu^ parabol: y = (x + 1 + (x + 1) + 2 

DS: (C) 


Cau 13: Chu y rAng phep tjnh tien theo vecta v bien duang tha 


!l. 


ih (chin 


no khi va chi khi v cung phuong vdi vecta chi phuong cua d, u phai cung phiuon 

voi vecta chi phuong v = (I; 2) ciia duong thing d 

2 4- 

Vi T = “ ^ tt == (2; 4) cung phuong vdi v 

Cau 14: (xem Hinh 12) 

Chu y ring AB la duong trung binh 
trong lam giac MM 1 M 2 

Vi v§y MM 2 =2AB 

V^y F la phep ijnh ti4n theo vecto 2 AB 
DS: (C) 

Co the dung phuong phap to^i dg de 
giai bai toan nay nhu sau 

Trong mjt phSng Oxy, ggi A(ai; 82 ), B(bi; b 2 ) lay diem M(x; y) suy ra 
M|(2ai - x; 2 a 2 - y), M 2 ( 2 b| - 2ai + x; 2 b 2 - 2 a 2 + y) 

MM 2 ^ (2bi - 2a,; 2b2 - 2a2) = 2 AB 
Vay F la phep tinh tien theo vecta 2 AB 
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Cau 15: 


Ihccjau 14: MM. ^ 2AB, M.M 4 -2CD 

4> NM.j -2( AB t CD) 

OS; fC) 

Cau 16; 

M(x;y') T-:> M|(x; --y) "■ 4 > M 2 (x ^ a; -y) 

Tuan» tu ggi N(xi; > 1 ) thi N^Cxi + a; -yi) 

Ta cc M^N ; = (\i - x)‘ + (yi ~ y)“ ^ MN“ 

Vay ! la phep dai hinh 
Khan; dinh a (A) dung 
Ro raig khang dinh a (B) la sai 

F khcig the la phep doi xirng true (Xem phan doi xurng true) 

Khan; dinh a cau (C) la sai 

Vi MvIt (a; ~2y) phy thugc vao y, nen F khong the la phep tjnh tien 
Khan; djnh 0 (D) la sai 
Cau 17: xem Hinh 13) 

AHCli la hinh binh hanh nen ABi // CH 
AI i 1 /\ B 
LaidcBC 1 CB| 

Vay tr giae AFK'R] ngi tiep duemg tron 
dirong knh BBi 
VithiBBi-2R 

DS:0) 

Cau 18: 

Ggi k la true tarn cua tarn giac ABC, B| doi xirng vori B qua O, M la trung diem 
cua BC. 'i ZBCBi = 90"nen B|C // AK. 

TiromAV AB| // CH. Vi vay AKCBi la hinh binh hanh 
=^AI = BiC=20M 

Vi (O doi .xirng voi (O) qua BC nen OO' = 20M 
OS: (.) 

Cau 19: 

Sir dyg phep tinh tien T theo vecta OiOj (ban dqc t^r ve hinh) 

k bieithiinh C 

KAbinlhanhCB 

Viva;AB-2R 

OS: {)) 
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Cau 20: (xem Hinh 14) 

Thvrc hi^n phep tinh tier* theo vecla KD, 
ta CO 

K bien thanh D 

H| bien thanh H (ban dpc hay CM) 

B bien thanh P (xem hinh ve) 

Ta c6: tarn giac PUK vuong goc t^i H va 
KH-3,KP = BD-5,nen 

PH = n/25-9 = 4 


B 




■HBHPBp 



nm 




Hinh 14 


Ui do BH, = PH nen BH, =4 
DS: (A) 

Cau 21: G\i sis irung true cua MN chi (0|) tai A cit (O;.) tai B (Oi a giua 
(Ban dpe t^ ve hinh) 


/A, E 


Thurc hipn phep tinh tien theo vecta O 2 O 1 

Duong tron (O 2 ) bien thanh duang tron (Oi), vi vay B bien thanh A, Ml bie 
thanh M|, N bi4n thanh N| 

MNNiMj la hinh binh h^nh npi ti4p nen la hinh chu nh$t 
Vi v^y MN^ + M|M^ = MN^ + AB’ = 4R^ 

DS: (C) 

Cau 22: Ta giai bai toan sau; Cho hai duong thang du d 2 song nhau va hai di4em A 
B nkm khac phfa so voi hai duong thSng tren (Xem hinh). Tim M, N lam lugt tthug 
d| va d 2 sao cho MN vuong g6c voi dj va AM + MN + NB be nhat 
Gpi H, K theo thu tu thupc di, da sao cho HK vuong goc voi d| 



LSy A|(l; I), diem N can tim la giaodiem cua AiB vatruc hoanh 
Gpi N(xo; 0), ta c6 

Taco AjN = (xo - 1; - I), A|B = (2;-5) 
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Vi A|N \a AjB cung phirong ncii; 

x„ -1 -1 7 

■ ^ \„ 

2-5 5 

Vay N( ^ ; 0) va \ i viiv M( : 2) 

5 ' 5 

DS: (B) 
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§4. PHEP QUAY VA PHEP o6l XlfNC TAM 


TOM TAT Li THUYtT __ 

1. Djnh nghia: Trong mjt phing cho diem O c6 djnh va goc lu< 7 ng giac cp khoug Joti. 
Phep bien hiiib bien moi diem M thanh M sao cho OM = OM va (OM, OM ) ™ (p 

d j< 7 c gpi la phep quay tarn O goc quay cp 

2. Djnli li: Phep quay la phep doi hinh 

3. Djnh nghia: Phep doi xung qua diem O la mpt phep doi hinh bien moi diemi M 

thanh diem M doi xurng qua M, c6 nghTa la OM + OM = 0 

4. Djnh li: Phep doi xung tarn la phep doi hinh 

5. Trong h? to? dp Oxy, cho diem l(a; b), nreu phep doi xtrng tarn Di bion diemt M 

^ ^ 2a _X 

thanh diem M thi * , 

y =2b-y 

6. Djnh n^hia: Diem O dircrc gQi la tarn doi xurng cua hinh H neu phep doi xiung 
tam Do bien hinh H thanh chinh no 

7. Djnh nghia: Hai hinh dugrc gpi la bSng nhau neu c6 phep doi hinh bien hinh may 

th^nh hinh kia _ 

CAC Di^NG TOAN CO BAN 

I. Dfng toin 1: Xac djnh anh cua hinh H qua ph^p quay Q 
Phuvmg phdp: 

1. Voi mpi diem M e H, Gpi M = Q(M), ta tim t|p h< 7 p c&c diem M 

2. Chu y ti'nh chat quan trpng sau: Gia sir phep quay tam I goc a biien du^g 
thing d thanh d. Khi do: 

• Neu 0 < a < 90® thi goc giOa d va d la 90® 

_ • Neu 90° < g < 180® thi goc giOa d va d la 180® - a _ 

VDl: Cho hinh vuong ABCD c6 tam O nhur hinh vg 16. Phep quay tam O goc quay —90® 
bien tam giac ABC thanh tam gidc n^o? 

Giai A 

Phep quay tam O goc quay -90® bien A 
th^nh B, B th^nh C, C thanh D 

V^y tam giac ABC bien thanh BCD 
VD2: Trong m$t phing Oxy cho diem M (2; 0) 
va dtfong thing d; x + 2y - 2 = 0, duong tron 
(C): x^ + y^ - 4x = 0 

Xet phep quay Q tam O goc quay 90® 

a) Tim anh cua M qua phgp quay Q 

b) Tim anh ciia d qua phep quay Q D 

c) Tim anh cua (C) qua 0 Hinh 16 
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Giai 

a) mV); 2) 

b) Sir iyng tinh chat da neu Irong phan phircrng phap 
M(2:1) t d, anh cua M qua phep quay Q la M (0; 2) 

Gpi d *a anh cua d qua Q, d la duang ihSng qua M va vuong goc vai d 

d CO viCta phap luyen n (I; 2), vi vay d c6 vecto phap luyen n' (2; -1) 

=> d': :(\ - 0) - l(y - 2) = 0 2x - y + 2 - 0 

c) (C) ;6 tarn M(2; 0) va ban kinh R - 2 
Anh cia M qua Q la M(0; 2) 

Gpi (() la anh ciia (C) qua Q, (C) c6 tam M va ban kinh R = 2. 

V$y (('): (X - 0)' + (y - 2)' - 4 

II. D^ng oan 2: Xac d}nh anh cua hinh H qua phep doi xvng tam D| 

Phirong phap: Ngoai phirang phap tuong tu nhu da neu d phan phep quay, ta 
chu y denphuang phap giai bai loan hinh giai tich sau: 

Trong ma phSng Oxy, \et hinh H c6 phuong trinh f(x; y) = 0, va diem I(a; b). Tim 
anh cua hnh H qua phep doi xirng tam Di 

M(;; y). D,(M) = M'(x; y) « I ^ , 

y =2b-y [y = 2b-y 

M 6 t <=> f{x; y) ^ 0 o f(2a - x;2b-y) = g(x;y) = 0oM 6H:g(x;y) = 0 

VD: Tror^ mSt phSng Oxy cho diem I( 1; 2), M(-2; 4), duang thSng d: 2x + y - 2 = 
0. Xet pho doi xiing tam Di 

a) Timanh ciia M qua D| 

b) Tirranh cua d qua D| 

Giai 

a) M'(^; 0) 

. , , fx = 2 - X 

b) N(x y), gpi N (x; y) = D|(M) ta CO o j 

[y = 4-y 

N edc>2x + y- 2 = 0<»2(2-x) + (4-y)-2 = 0o2x + y - 6 = 0 
<=> N tlu^ duang thing d:2x + y- 6 = 0 
Viy an ciia d qua D| la d: 2x + y - 6 = 0 

III. Dfngo&n 3: Tim t&m d6i xumg cua niQt hinh 

Pkmm, phdp: Neu da giac c6 tam doi xirng la I thi phep doi xirng tam I bien 
moi dinh ua da giac thanh moi dinh ciia no va bien moi c^nh cua da giac thanh 
mpt c^mh ong song va bang c^inh ay 


VDl: Tintam doi xirng ciia hinh gom hai ducmg thing dt nhau 

Giai 

De thS rang tam doi xirng cua ducmg thang la tit ca cdc diem thupc duang 
thing do () 
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Cho hai dirong thang a, b cht nhau tai O 

Ta chirng minh tarn doi xi'rng cua hinh H gom hai duang thang cat nhau at, b la ( 

• Theo (*), O la tarn doi xung cua H 

• Gia sir H c6 tarn doi xumg khac la A khong thuoc a. Cung t heo nhan x 
(*), b la anh cua a qua phep doi xung tarn A, vi vay a // b, v6 li 

Truong hgrp A khong thupc b, chung minh tuong tg: 

Vay H CO mpt tarn doi xung la O 
VD2: Tim tarn doi xung cua hinh binh hanh ABCD. 

Giai 

Gpi I la tarn doi xung cua hinh binh h^h ABCD. Xet phep doi xi>ng qua tarn 1: D 
Qua Di: A chi c6 the bien thanh A, B, C, D 

• Neu D|(A) = A; thi A la tarn doi xung, v6 li 

• Neu D|(A) == B (ho$c D^A) = D)): thi tarn doi xung la trung dierni cua A 
(ho$c trung diem cua AD), v6 li 

• Neu D|(A) = C thi I la trung diem cua AC 

Vpy hinh binh hanh c6 dung mpt tarn doi xumg la trung diem cua AiC 

rv. Dfng io&n 4: Chirng minh hai hinh bdng nhau 

Phuffng phAp: De chung minh hai hinh b§ng nhau ta chung mirwh hiinh nay 
anh cua hinh kia qua phep doi hinh nao do ___ 

VD: Chung minh rftng hai hinh vuong c6 c^nh b^g nhau thi hai ivinh wuong i 
b$Rg nhau 

Giai 

Gia su binh vuong ABCDc6 tarnO, hinh vuong AiB|CiD| c6 tain 0| va AkB = Ai 
(xem Hinh 17) 

Ta thvc hi^n phep tjnh tiin theo vecto 60| : hinh vuong ABCD biien thai 
ABCD 

Ti4p theo ta thvrc hi^n pMp quay Q tarn Oi goc quay (OiA, OiA|): hiinh vuoi 
ABCD bien thanh hinh vuong AiBiCiDj 

Lf i do hgrp thknh cua hai phdp dbi hinh la phep doi hinh 

Vly hai hinh vudng c6 b&ng nhau la hai hinh vuong b§ng nhaiu 
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C AD HO TRACNC;Hli:M 


Cau 1: rr>ng cac khang djnh sau, khang djnh nao diiiig. 

khang dinh 

nao sai'.’ 


(A) Plrp doi 

\irng lam la mot phep quay 


dung. 

sa 1 

(B) PIvp quay la phep doi \irng tam 


dung. 

sai 

(C:) Cc ph ep 

linh tien la phep quay 


dung. 

sai 

(D) Ph:p doi 

xung true la mot phep quay 


dung. 

sai 

Cau 2: Clo ohep quay Q tam 0 vai goc quay ip thoa man - 1 80° < 

; (p s 180° 

. d la 

anh cua diang t 

hang d qua Q. Ggi a la goc giua d va d. 

Trong cac 

khang din 

h sau 

khang dim nio 

dung, khang dinh nao sai? 




(A) Nei cp > 

90° thi a - l80°-(p 


dung. 

sai 

(B) Nei I O') ' 

< 90° thi a ^ 1 cp 1 


dung. 

sai 

(C) Nei (p < 

-90° thi a = 180° - Up 


dung. 

sai 


Cau 3: Cb tarn giac bat ki ABC. Gia su A|B|Ci la anh cua AABC qua phep quay 
0. Ml la aih cua M qua Q. Trong cac khang dinh sau, khang dinh nao dung, khang 
dinh nao s.i? 

(A) AAK' "AAiBiCi idling, sai 

(B) Nei M la true tam cua A ABC thi M| la trgng tam cua A AiBjCi 

: dung, ; sai 

(C) Nei M la true tam cua A ABC va M) la trgng tam cua A AiBiCi thi ABC la 

tar. giac deu dung, . sai 

Cau 4: Cb hai duang thang a, b cat nhau va goc giua chung la a. Ggi Da la phep 
doi xurng <ua a. la phep doi xumg qua b. Vori mgi diem M bat ki, ggi Mi ^ 
Da(M), Mt- Db(M,). Xet phep bien hinh F bien M thanh Mt. Trong cac khSng dinh 
sau kh^ng linh nao dung? 

(A) F kong phai la phep dai hinh 

(B) F l^hep quay veri goc quay c6 gia trj tuyet doi la a 

(C) F l^hep quay vai goc quay c6 gia trj tuygt doi la 2a 

(D) F l^hep quay vai goc quay 4a 

Cau 5: Ch< phep quay Oi tam O goc quay ai, phep quay O 2 tam O goc quay a 2 
Vai diem N bat ki, ggi M| = Qi(M), M 2 = Q 2 (Mi). Ggi F la phep bien hinh bien M 
thanh M>. (hgn kh^ng dinh nao dung 

(A) F kbng phai la phep dai hinh 

(B) Vaingti gia tri a\ thoa man ai = 02 thi F la phep 
doi'iimg tam 

(C) Neuxi + X 2 ^ 360° thi F la mot phep tinh tien 

(D) Cac^h^nz djnh a (A), (B), (C) deu sai 
|C&u 6: Ch' hai tam giac vuong OAB va OAiBi 
llugc sSp xo iihf hinh 18 

Xet phejquav F tam O goc quay -90°. 

'hgn mnh de dung 


C! 
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(A) F bien tarn giac OAB thanh tarn gi^c OA|Bi 

(B) F bien tarn giac OA|B| thanh tarn giac OAB 

(C) F bien tarn gidc OAA| thanh tarn giac OBB| 

(D) F bien tarn giac OBB| thanh tarn giac OAA| 

Cau 7; Cho hinh vuong ABCD tarn O nhu Hinh 
19. Qua ph^p quay lam O goc quay 90®, do^n 
thing BC bien thanh do^n thing nao? 

(A) CD (B) DA 

(C) AB (D) BC 

Cau 8; Cho tarn giac deu ABC c6 tarn O (hinh 20). 

Qua phep quay tarn O g6c 240®, doan thing OC 
bien th^nh doan thing nao? 

(A) OA (B) OB 

(C) OC (D) BC 

Cau 9: Cho hai tarn giac vuong can OAB va 
OA|B| c6 chung dinh O sao cho O nim Iren doan 
AB| va nim ngo^i doan A|B (xem hinh 18). Gpi I, 

1 1 Ian lugt la tarn duong tr6n npi tiep cua tarn giac 
OAA| va OBB|. Tam giac Oil) la tarn giac gi? 

(A) Tam giac vuong khong pan (B) Tam giac vuong can 

(C) Tam giic c6 mpt goc bing 30® (D) Tam giac deu 

Cau 10: Cho tarn giac deu ABC c6 tarn O, P v^ Q 14 hai diim di dpng Ian lirr(?t tn 
hai c^nh AB v4 AC sao cho AP = CQ. So do ciia ZPOQ bing 
(A) 90° (B)I20° 

(C) 135° (D) Cac khing djnh 6 a, b, c deu saii 

C&u 11: Tren do^n thing AE ve m$t phia so vdi no dvmg cac tarn giac deu AvBC 
CDE. M v4 P tuong img 14 trung diim c4c do^n thing AD v4 BE. Tam giac CPNvI |4 

(A) Tam giac can khong deu (B) Tam giac vuong can 

(C) Tam gi4c deu (D) Tam giac vuong khong can 

Can 12: Cho hinh vudng ABCD. Tren c^nh BC lay diem M khong trung voiri B, 
v4 trung diem cua BC, tren c^inh CD liy diem K khong trung voi C, D va4 trui 
diim ciia CD sao cho ZBAM = ZMAK (xem hinh vg 21) g 
Thtrc hipn phep quay tarn A g6c -90° M bien th4nh M 
Chpn khing dinh dung 

(A) Tam giac KAM vuong 

(B) Tam gi4c KAM deu 

(C) Tam gi4c KAM can khong deu 

(D) Cac khing djnh tren deu sai 

A 

Hinh 21 
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Cau 1.: Trong mAl phAng Oxy, cho diem A(2; 2). Anh cua A qua phcp quay tarn O 
goc quy 90“ c(S toa dq ban nhieu? 

(A;{2, 2) (B) (-2; -2) (C) ( -2: 2) (D) ( 2; 0) 

Cau I*: Trong mSt phAng toa dp Oxy xet dirang thang d: \ ^ y - 2 - 0. Anh cua d 
qua ph'p quay Q tarn O goc 90“ la dirang thAng c6 phmmg trinli: 

(Ajs- y4 2=0 (B)x y 2 = 0 

(C)x- y - 4=0 (D)x-y^ 4 = 0 

Cau I:: Trong mat phAng toa dp Oxy xet ducmg tron (C): x’ + y - 4x - 4y “8 = 0. 
Qua picp quay Q tarn O goc ~90“, dirang iron (C) bien thanh duang Iron c6 
phiran, trinh: 

(A)<“ + y" + 4x + 4y - 8 = 0 (B) x' + y" + 4x - 4y - 8 = 0 

(C)t" + y“ - 4x + 4y - 8 = 0 (D) x" + y" - 4x + 4y - I = 0 

Cau 1»: Gia sur phep doi xirng tarn Do bien dirang thAng d thanh d|. Trong cac 
khAng qnh sau khAngdjnh nao dung 

(A)l cAl di (B) Neu O g d ihi d // dt 

(C)Weu d qua O thi d cAt d] (D) d, d| cAt nhau O 

Cau T: Trong cac khAng dinh sau, khAng dinh nao dting khang djnh nAo sai? 

(A) Minh tron c6 v6 so tarn doi xumg i ’ dung, '' sai 

(B) Tixcrng thAng c6 v6 so tam doi xung 1 1 dung, :! sai 

(C) Tmh gom hai duang thAng cAt nhau c6 1 tam doi xumg ^ dung, : sai 

(D) Tinh vuong c6 hai tam doi xumg H dung, H sai 

Cfiu Ih Trong cac khAng djnh sau, khAng djnh nao dung, khAng djnh nao sai? 

(A) Tinh gom hai duang Iron bAng nhau c6 hai tam doi xung M dung, □ sai 

(B) )ujrng clip CO mpt tam doi xumg 11 dung, D sai 

(C) )uang hypebol c6 hai tam doi xung □ dung, [] sai 

Cau 1‘: Cho hai diem A, B phan bipt. Gpi Sa, Sr la phep doi xung qua A, B. Vai 
diem N bat ki, gpi M| = Sa(M), = Sb(M|). Gpi F la phep bien hinh bien M 
thanh F( 2 . Chpn khAng dinh dung 

(A)^ la phep quay (B) F la phep doi xurng tryc 

(C) • la phep doi xirng tam (D) F la phep tjnh tien 

Ciu 21' Cho hai di6m A, B phan biet.GQi Sa la phep doi xirng qua A; T la phep 

tjnh tie theo vecto 2 AB. Veri diem M bat ki, gpi Mi = Sa(M), M 2 = T(M|). Gpi F 
la phepbien hinh bien M thanh Mi. Chpn khSng djnh dung 

(A) ■ khimg la phep dai hinh (B) F la phep doi xirng tryc 

(C) la phep doi xirng tam (D) F la phep tjnh ti4n 

Cau 21 Trong cac mpnh de sau, mpnh de nao dimg, m?nh de nao sai? 

(A) lai hmh vuong c6 c^inh b3ng nhau thi hai hinh vuong do b§ng nhau 

(B) lai n giac dcu c6 canh bAng nhau thi bAng nhau 

(C) lai tu giac ABCD va A|BiC|Di c6 lam giac ABC bang lam giac AtBiCi 
^Ang nhau. tam giac ACD bang tam giac AiC|Di thi hai tu giac ABCD va 
AiBiC|D| bang nhau 
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Cau 22: Cho hai diem A. B phan bi^t.Gpi Su la phep doi xung qua B; T la phep 

tjnh tien theo vecta 2 AB . Vdi diem M bat ki, goi Mi ^ T(M), Mt = Sn(MI|). (jpi F 
la phep bien hinh bien M lhanh M^. Chpn khSng dinh dung 

(A) F khong la phep dai hinh (B) F la phep doi xung tryc 

(C) F la phep doi xirng lam (D) F la phep tinh lien 

Cau 23: Trong hf to^ do Oxy cho duang thSng d: x + 2y + 1 = 0 va dieim l( 1; 2). 
Phep doi xung tarn 1 bien duang tiling d thanh d. Phuang trinh cua d la 

(A) X + 2y - 11 = 0 (B) x + 2y - 9 = 0 

(C) 2x + y > 11 = 0 (D) 2x + y ~ 9 = 0 

Cau 24: Trong m$t ph4ng Oxy, cho hai duang thing a: x + y - 2 = 0, b; x + 2y - 3 
= 0, va diem 1(2; 2). Ggi A, B la hai diem Ian lugt thugc a, b sao cho A li anih ciia 
B qua phep doi xung tarn I. Chgn kh§ng dinh dung 

(A) A(-5; 7); B(9; -3) (B) A(7; -5); B(9; ~3) 

(C) A(-5; 7); B(-3; 3) (D) A(7; -5); B(3; 0) 

Cau 25: Trong hg toa dg Oxy cho dudmg Iron (C): x‘ + y^ - 2x - 2y - 2 = 0 va 
diem 1(2; 2). Ggi (Ci) la anh cua (C) qua phep doi xung tarn I. Phuang trinlh cua 
(C) 1^ 

(A) + y- - 2x - 2y - 8 = 0 (B) x^ + y- - 4x - 4y + 4 = 0 

(C) X" + y' - 6x - 6y + 14 = 0 (D) x' + y" - 6x - 6y + 10 = 0 

TRALCn 
Cau 1: 

(A) Khing djnh (A) la dung, do ph6p quay tam O (la tarn doi xung) goc quay 
180“ 

(B) Khdng djnh a (B) la sai 

(C) KhSng djnh la dung, vi dp la phep dong nhat. Phep dong nhat la phdfp tjnh 
tien theo vecto 0, phep dong nhat cung Id phep quay voi goc quay bSng 360“ 

(D) Khdng djnh (D) la sai 
Cdu 2: 

Cac khing djnh a (A), (B), (C) deu dung 

Day la ket qua rat quan trpngxo nhidu ung dpng trong giai toan hinh hipc 
Chii y: Neu I (p I < 90“ thi a = 1 (p I 

CSu3: 

(A) Khang djnh (A) dung vi Q la phep doi hinh 

(B) Khang djnh (B) la sai vi ABC la tam giac tuy y 

(C) Theo ti'nh chat ciia phep quay, neu M la trpc tam cua A ABC thi M| ciung la 
true tam cua A A|B|Ci, vi v^y neu Mi la trpng tam ciia A A|B|C| thi A|&|Ci lla tam 
giac deu nen ABC la tam giac deu. Khang djnh a (C) la dung 
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Cau 4 



Hinh 22 

Khingdjnh a(C) la dung(xeni f^inh 22) 

Cau 5: 

(A) Vi Qj, Q- la cac phep dai hinh nen F la phep dai hinh 

(B) Theo cat 4. [■ la phep quay vai tarn O va goc quay (ai + qi). Vi vay F la 
phep doi xurng uim neu (ai + a 2 ) = 180^ + k360'’, khang dinh (B) sai 

(C) Neu Qi + a: = 360^thi F la phep dong nhat va vi vay F la phep tinh tien theo 


vecto 0 
DS: (C) 

Cau 6: (C) 

Cau 7: (A) 

CSiU 8: (B) 

Cau 9: Ggi 0 la phep quay tarn O goc quay 90*^ 

Ta CO Q(A)-B, Q(A,) = B, 

Nen ABOBj la anh cua AAOA| 

Vi v^y l| Q{I). Do do lOF la tarn giac vuor 
DS: (B) 

Cau 10: (xem Hinh 23) 

Ta c6: ZCOA - 120^ OC = OA 
Tachurng minh ZQOP = 120*^ 

R6 rang hai tarn giac vuong QOH 
va POT bang nhau nen OP = OQ va 
ZQOH - ZPO F B 

Lai do ZTOH 120" ZQOP = I20“ H'inh 23 

Ta CO the li luan dan gian hon dira vao tinh chat sau day cua phep quay ban dpc 
hSy chung minh, xem nhu bai tap 
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Neu hai vecta AP va CQ c6 dp dai bang nhau va ( AP , CQ ) “ a 

Thi ton tai phep quay tarn O goc quay a bien AP thanh CQ 
Trong do O la giao cua hai trong bon duong sau; 

*) Duong trung tr^c cua AC 
*) Duong trung tr^c cua PQ 

*) Mpt cung chua goc I a I gioi h^in bdi hai diem A va C 
*) Mpt cung chua goc I a I gioi han boi hai diem P va Q 
Neu AP va CQ oil nhau tai I thi cac tir giac OIAC va OIPQ npi tiep dirong Iron 

Tro l^i bai toan ta c6 (AP,CQ) = -120^ AP = CQ 

V^y CO phep quay Q g6c -120^^ tarn la giao diem cua duomg trung trgrc cum AC 
va cung chua goc 120° nh§n AC lam day vi vay O chi'nh la tarn duong tron ngo^i 
tiep tarn giac ABC, tu do ta c6 ZQOP = 120° 

DS: (B) 

Cau 11: (xem Hinh 24) 

Xet phep quay goc -60° tarn C, bien diem D thanh E, A bien thanlh B, do^n 
thang DA bien th^nh EB, vi v$y M bien thanh P 
V^y CPM la tarn giac deu 


DS: (C) 



A 

Hinh 24 

C&u 12: Th^c hipn phep quay Q tarn A goc quay -90° A 
B bien th^nh D, M bien thanh M 
K bien thanh K 

Ta chung minh tarn giac KAM can t^i K 
ZMAB = ZM AD (anh qua phep quay Q) 

Theogiathiet ZBAM = ZMAK 
Nen ZM AD - ZMAK ==> ZMAD - ZM AK 

Hinh 25 



42 




/MAI) ZAMH(so le) 

/AMI^ ./AMD (anh qua phcp quay 0) 

>/"MAK /AMD 

^ay lam giac KAM can tai K 

xem Hinh 25) 

)S: (C) 

C ai 13: (C) 

Cai 14: Sir dung ti'nh chat sau; 

*hep quay goc a vai 0 < a < n, bien duang thang d thanh dircrng thang d thi 
gocgiira d va d bang a (neu 0 < a < ^ hoSc b4ng n - a (neu — < a < n) 

iy M(2; 0) e d. Gpi M' = Q(M) r:> M’(0; 2) 

t la duang thSng qua M va vuong goc vai d, v?y phuong trinh cua d la: 

l(x - 0) - l(y - 2) = 0 o X - y + 2 = 0 
>S: (A) 

Cai 15: (C) c6 tarn 1(2; 2) va ban kmh R 4 
‘;9iI,=Q(l)r:>|,(2;-2) 

*ipi (C|) la anh cua (C) qua Q thi (Ci) c6 tarn l| va ban kinh R = 4, vay 
C|): (x - 2)‘ + (y + 2)" = 16 o x" + - 4x + 4y - 8 = 0 

«: (C) 

Cai 16: Kh^ng djnh (B) dung 
Cai 17: 

A) Hinh tron c6 mpt tarn doi xung la tarn cua no. KhSng djnh d (A) la sai 
6) Duang" th5ng c6 v6 so tarn doi xung la cac diem thuQc dudng thing, khing 
dinid(B) ladling 

C) Hinh gom hai dudng thing cit nhau c6 1 tarn doi xung do la giao diem ciia 
hai 'udng thing do, khing djnh d (C) diing 

0) Hinh vuong c6 mpt tarn doi ximg do la giao diem cua hai dudng cheo, 
khig djnh d (D) sai 

Cai 18: 

A) Hinh gom hai dudng tron bing nhau c6 mot tarn doi xung 
Khing djnh (A) sai 
(1) Dudng clip c6 mpt tarn doi xung 
Khing djnh (B)dung 
C) Dudng hypebol c6 mpt tarn doi xung 
Khang djnh (C) sai 
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Cau 19; (xem Hinh 26) 

Ta CO. 

MA = AMj' ; M,B = BMj 
MM 2 = MA + AM,' + M,B + BMj 
= AM,' + AM,' + M,B + M,B 
= 2 AM,' +2M,B 
= 2(AM,' + M,B) = 2AB 

V§y F 1^ phep tjnh ti4n theo vecto 2 AB 
DS: (D) 


M, 



(Co the sir dung tinh chat duong trung binh ciia tarn giac de giai bai nay) 
Cau 20; Ta diing phucrng phap toa dp de giai bai loan nay 
Trong m$t phing Oxy gpi A(xo; yo), B(xi; y,), M{x; y) 

=> M|(2xo - x; 2yo -y) 


Ui do 2 AB = (2(xi - xo) 2(yi - yo)) nen M 2 ( 2 xi - x; 2yi - y) 
Vay F la phep doi ximg qua tarn B 
DS: (C) 

Cau 21: Cac khang djnh (A), (B), (C) deu diing 

Cau 22: (C) 

Cau 23: Gpi M(-l; 0) e d, M doi ximg voi M qua I => M(3; 4) 
d di qua M va song song voi d, nen c6 phuong trinh: 
l(x - 3) + 2(y -4) = 0<=>x + 2y- 11 = 0 

DS: (A) 

Co the giai gpn hom nhur sau: 

M(x; y) e d, M(x; y) la diem doi ximg voi M qua I, ta c6: 

fx' = 2-x fx = 2-x' 

i <=> 

ly' = 4-y [y=4-y' 

M(x; y)€ dox + 2y+ I = 0o(2-x) + 2(4-y) + I = 0 
ox + 2y-ll=0oM thupc dirong thang d: x + 2y - II = 0 
V$y phirong trinh cua d la: x + 2y - 11 = 0 

Cau 24: 

A e a => A( t; 2 - t) 

B e b => B(3 - 2ti; t|) 

I la trung diem cua AB, ta c6: 

'l + (3-2l,) = 4 fl-2t, =1 fl = -5 

<=> ( ct- ( 

[(2-t) + l, =4 jt-t, =-2 |li=-3 

Vay A(-5; 7); B(9; -3) 

DS: (A) 
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Ciiu 25: 

((') CO lam J( 1: i ) haii kinh R ~ 2 

Oiia pliep doi \iVng lam L J bien lhanh J)(3; 3) 

Vav piurong triiih cua (C i): 

{X 3y ^{\ 3)' ‘ 4 c> \ + 6\ 6\ + 14 0 

Co the giai each khac nhir sau: 

!V1{\: y) d. M( \ ; V ) la diem doi xirng vdi M qua I. la c6: 

I X ' 4 - X [ X 4 - X ■ 

1 \ 

|y' = 4 - y [y 4-y’ 

M(x; y) (C) x" y" - 2x - 2y -2^0 
o (4 ^ x’)- 1 (4 - >')“ - 2(4 - X*) - 2(4 - y') - 2 - 0 
<=> X “ ^ y ' - 6x - 6y 14 - 0 

<=> M thuQC dirong iron (Ci) c6 phirang trinh: x" + y- - 6x - 6y + 14 = 0 
DS: (D) 



§5. PHEP V| TV 


T61M TAT LI THUY^T 

I. Djnh nghia; Cho mpt diem O c6 djnh va mpt so k khong doi, k 0. Phep biien 

hinh bien moi diem M thanh diem M sao cho OM’ = kOM dugc gpi la phep vi ty 
tam O ti so k va ki hipu V(0; k) 

II. Cic tinh chat: 

1. Neu phep vj t^r bien hai diem M, N Ian lu'(;rt thanh M, N thi M’N'^^kMN 

2. Ph^p vj t\r bien ba diem thing hang thanh 3 diem thing h4ng va khong lam thiay 
doi thij t^r cua ba diem thing hang do 

3. Phep vj li so k bien duong thing thanh diromg thing song song ho^c trung wai 
dirmg thing do, bien tia thanh tia, bien do^n thing thanh do^n thing ma dp (dai 
dirge nhan len vai I k 1, bien tam giac thanh tam giac ddng d^ng vai ti so d6ng d^tng 
I k 1, bien goc thanh goc bing no, bien duong tron thanh duong tron 

III. Tam vj ty caa hai diramg Iron 

Cho hai duong tron (I; R) va (I; R), ta tim nhDng phep vj tg bien duong tron (I; R) 
th^nh duong tron (1; R). 

THI:I = I 

C6 hai phip vj tg V(!; —) va V(l; - —) 

R R 

TH2:1 khdng trung I nhung R = R 

Co mpt phep vj tg tim O la trung diem cua I I ti so bing -1 
TH3:1 khong trung vdi I vi R khic R 

C6 hai phep vj tv V(Oi; —) va V(Oj; - —) 

R R 

Trong do 0,1 = ^OTr vi Ojl = -A 02 I' 

R R 


CAC Dy^NG TOAN CO BAN 

I. Dfng toin I: Xic dfnh anh cua hinh H qua phip vj ty 
VDl: Tam giac ABC c6 trpng tam G. Xac djnh anh 

cua tam gi»: ABC qua phep vj tv tam G ti so - ^ 

Giii 

Gpi M, N, P Ian lupt la trung diem 
ciia BC, CA, AB 

Theo ti'nh chat cua trpng tam ta c6: (xem Hinh 27) g 



Hinh 27 
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G'vi' ' GB 



Vay cua phep vi tir tarn G ti so — , anh cua tarn giac ABC la tarn giac MNP 

VD2: Tr>ng phAng Oxy cho diem l( 1; 2), M(2; 3), duoTig thing d: x - 2y + I = 0 

a) Xa: dtjnh anh cua M qua phep vi t^r V | tam O ti so k| = -2 

b) djnh anh cua M qua phep vi t^r tam I ti so == 2 

c) Xa: d jnh anh cua dirong thang d qua Vi 

Giai 


a) Go M (X; y ) ^ Vi(M), ta c6 OM' = k| OM <=> x = -2.2 == -4, y = -2.3 -6 

V^y M( 4; 6) 

b) Go Mi(Xi; yi) == V 2 (M), ta c6 IM] = !M 


<=> 


X, -1 = 2(2-1) 
y,-2 = 2(3-2) 


o < 


Xj =3 

[yi =4 


V$y[1,C3;4) 

c) N(:; y), gpi N (x; y) = V|(N), ta c6 


CM' 


= k, ON = -2 ON <=> 


x' = -2x 

[y' = -2y 



N thioc dox-2y+ 1 = 0 <=>{-y)~ 2(- ■y)"'' ' = 0<::>-x + 2y + 2 = 0 


o N thuj^ ducmg thing d: -x + 2y + 2 = 0 
Viy 3th cua d qua V i la dir^mg thing d: -x + 2y + 2 = 0 
II. Dfinttoiiin 2: Tim tam vj t\f cua hai dirirng trdn 
VD; T’rcig mjt phing Oxy, cho hai du6ng tr6n 
(C)): ;’+^y--2x- 15 = 0 
(C|,):c^ + y^-6x-2y+ 6 = 0 

Tiitn 0 ? dc tam vj tyr ngoai J, tam vj ty trong K ciia (C) va (C|) 

Giai 


(C)) c t&m I (1; 0) ban ki'nh R = 4 
(Cij) 6 tan l|(3; I) ban ki'nh R| = 2 
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R 

Tam vi ti,r ngoai J(xn; yo) thoa man IJ ^ —I|J =2I|J 

RI 




Xn - 1 ^ 2(Xo -3) 


yo - 0 = 2(y() -i: 
Vay J(5;2) 


C:> < 


x„ =5 


y, 


- 1 


R 


Tam vi ty- trong K (xi; yi) thoa man IJ =-l|J - -2 I| J 

R1 


X| - l = -2(xi -3) 
y, - 0 = -2(yi -I) 


<=> 


7 


yi = 


vSyK<2|) 


CAU HOI TRAC NGHI$M 

C&u 1: Trong cac khSng djnh sau, khang dinh nao dung, khang djnh nao sai?’ 

(A) Ph^p doi xirng tarn !a mot phep vj ty diiing. sai 

(B) Ph6p d6i xirng tryc la mpt phep vj ty diiing. , sai 

(C) Ph6p dong nhat mpt phep vj ty ! i dinng, I sai 

(D) Phep tjnh tien theo vecta khac 0 la mpt phep vj ty TJ dying, ri sai 

Ciu 2: Trong cdc khSng djnh sau, khing djnh nao dung khSng djnh nao sai ?? 

(A) Ph6p vj ty luon c6 diem bat dpng □ duing, [1 sai 

(B) Mpi phep vj ty khong the c6 qua mpt diem bat dpng U duing, □ sai 

(C) n4u ph6p vj ty CO hai diem bSt dpng thi mpi diem deu bat dpng 

i duing, [I! sai 

Ciu 3: Cho ph^p vj ty V tam O thi so k I. Trong cac khSng djnh sau kh&ing djnh 
nao dung ? 

(A) V la mpt ph^p ddi hinh 

(B) Mpi during t£m O diu bi4n th^nh chinh no qua V 

(C) Qua V mpi duirng tr6n qua O deu bien thanh duong tron bSng nci 

(D) Cac khikng d|nh 6 (A), (B), (C) deu sai 

Ciu 4: Cho tam giac ABC. Gpi M, N Ian lirpt la trung diem ciia AB A(C. Phep 
vj ty tam A bien tam giac ABC thanh tam giac AMN c6 ti so bang bao mhieiu? 

(A)-2 (B)2 (C)2 (D)-2 

Cau 5: Cho hai diem O, I. Xet phep vj ty V tam I ti s6 k I va phepi tjnHi tien T 

theo vecta u = (1 - k) 10. Lay diem M bat ki. M| = V(M). Mi = T(M i). Xi^et phep 
bien hinh F bien M thanh Mi. Chon khang djnh dung 
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(A) Li phcp \ j tu ti so 1 k (B) I la phcp \ i tir ti so k 

(C) la phcp \ i 111 II so ^ (I)) I' la phcp v i Iir it so 

k k 

Cau 6 ( ho lam ciac \H( co Imn^ lam (i. \1 la trurm diciTi cua IK'. IMicp vi ur 
lam A icn (i thaiili M co ti so bang 

2 2 3 3 

O), <») . (n ^ (1)) -^ 

> o J 2 

Cau 7:J ho lam uiac .AIK co trpng tarn (i. Cipi M. N. P Ian lirot la trung diem cua 
cac can aMK IK . C A. I'licp vj tu nao sau day bien tarn giac ABC thanh NPM 

(A) ’hep \ i lu tarn A ti so — (B) Phcp vi Ur lam M ti so 


(C)*hep vi tu tarn G ii so -2 


(D) Phep vi lu tarn G ti so — 


Cau 8:2110 duong iron tarn O va hai ducmg kinh AA va BB vuong goc nhau. M la 
diem bt ki trcn dirong kinh BB; M ia hinh chicu vuong gcic cua M xuong liep 
tuyen oi duang iron tai A, I la giao diem cua AM va AM. I la anh cua M trong 
phep vtir tarn A ti so bang bao nhieu? 

2 2 1 1 

(A)- (B)-- (Q- (D)-- 

> 3 3 

Cau 9; Trong mat phang Oxy, xlH phep vj tir V tarn O ti so k. Vai diem M(\; y), 

gpi Mp V(M). C'hpn kliang djnh dung 


(A)>d|(-k\; -k\) 


k k 


) (D)M,(kx;ky) 

K K 

Cau 10 Trong mat phiing (),\v cho l(a; b). Xet phep vj ty V tarn I ti so k. Goi M(x; y) 
va M| ' V(M). I'oa do cua M| la 

(A)kx + (I k)a; k\ M I " k)b) (B) (kx + (I + k)a; ky + (1 + k)b) 

(C) kx - (I k)a; ky - (1 - k)b) (D) (ky + (I - k)a; kx + ( I - k)b) 

Cau 11 Trong mat phang Oxy cho i( I; I). Xet phep vj tir V tarn 1 ti so k = 3. d la 
duong lang c6 plurong irinh x 2y = 0, d = V(d). Phirong trinh cua d la: 

(A) + 2> ^ 2 0 (B) x ^ 2y + 4 = 0 

(C) + 2) + 6 = 0 (D) X + 2y + 8 = 0 

Cau 12 Trong mat phang Oxy cho 1(1; 2). Xet phep vj t^r V tarn I ti so k = 2. (C) 
ladirat? tron co phtrong trinh: x‘ + y' = 4. (C|) = V((C)). Phucmg trinh ciia (C|) la: 
(A)x- ir+ (y-2r = 16 (B)(x+ l)- + (y+ 2)-= 16 

(C)x + 2)- - (y + 1)- =16 (D)(x-2)- + (y - l)^= 16 
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Cau 13: Trong cac khang dinli sau day khang dinh nao dung klulng djnh nao s>ai 

(A) Cho hai dirong iron dong tarn. C’d bon phep \ i \\r bicn dmVng iron nay tthanh 

duong tron kia dung. sai 

(B) Hai duxmg tron cb hai tarn phan bicl nhirng ban kinh bang nhau c6 hai lami vi i^r 

dung, sai 

(C) Hai dircmg tron khac tarn va ban kinh khong bang nhau c6 hai tarn vj tgr 

dung, sai 

Cau 14: Trong mSt phing Oxy, cho hai dirbng iron 
(C): - 2x - 3 = 0 

(C,): x^ + y^-IOx + 21 =0 
Trong cac khdng djhh sau khang dinh nao dung? 

(A) Hai duong tron (C|) va (C) c6 2 lam vi tur 

(B) Hai duong tron (C) va (C i) c6 mot tarn vj tir 

(C) Hai du^g tron (C) va (Ct) c6 v6 so lam vj tu 

(D) Hai duong tron (C) va (C'l) c6 4 lam vj X\r 
Cau 15: Trong mat phang Oxy, cho hai dirbng Iron 

(C); X' + - 2x - 3 = 0 

(C,): x^ + y'-6x + 2y + I = 0 
Tam vj t^ ngoai J, tarn vi tu trong K cua (C) va (Ci) la 

(A)J(-3;2),K(?;-?) (B) J(-3; 2). K(-?; |) 

5 5 5 5 

(C)J(2;-3),K(?;-|) (D) J(2; -3). J(-? ; ? ) 

CliU 16; Trong m^t phSng cho hai dircmg iron 

(C); x^ + y^ = 4; (C,): x' + y- - 4x - 4y - 8 = 0 
Phuomg trinh cac tiep tuyen chung ciia hai dircmg Iron Iren la 

(A)x + 2 = 0,y+l = 0 (B)x + 2 = 0,y + 2 = 0 

(C) X + 1 = 0, y + 1 = 0 (D) X + 1 = 0. y + 2 = 0 

tralUi 

C&u 1: 

(A) Phep doi xungtam la mt)t phep vj tu voi ti so - I, khang dinh (A) dungg 

(B) Khing djnh (B) sai 

(C) Phep dong nhat la mol phep vi tu voi li so 1, khang dinh (C) dung 

(D) Phep tinh tien theo vccta khac 0 khong la mot phep vi tu. khang djnh (D)) sai 

Cau 2: 

(A) Phep vj tu luon c6 mot diem bat dong la tarn vj tu. khang djnh (A) diirng 

(B) Phep vi tu ti so 1 c6 mpi diem l.a bat dong 
Khing djnh (B) la sai. 

(C) KhSng djnh (C) la dung 
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C all 3: 

(A) [Micp /j Ur ki phep clai limh khi ti so k ' L khanu cijnli o' (A) la sai 

(B) Kliariu dinh (IM sai 

(C) Khani dinh ((') sai 
DS: (D) 

Cau 4: Vi AM - ' AB, AN ' AC 

"I 1 


Phep vi te can lim c6 ti so — 

DS: (B) 

Cau 5: 

Vi OM. -kOM IM 2 - !0 =k(lM-I())o IM; =kIM' +(1 -k)l6 (*) 
Thee djn^ nghia ta c6: 

IM7 = kIM (!) 

MiM;’ - ii = (l-k)l6 ==> IM 2 - IM| = (l-k)ld 


o IM 2 = IM, + (1 -k)ld (2) 

Th4 1) vio(2)tac6: IMj = kIM +(1 - k)IO 

Vi'i then (’) ta CO OM2 = kOM 

« “ 

Vyy F la jhep vi tir tarn O ti so k. 

DS: (B) 

• 3 ■ 

Can 6: Vi AM = — AG 
2 

. 3 . 

Vayphep vi tir tarn A ti so — bien G thanh M. 

DS:{C) 

Cau 7: xemllinh 28) 

Tir cic ding thurc vecta: 

CM ^ - GC. GP =-- GB 

2 2 

ON = -1 GA 
2 


VayPhef vi lu tarn G li so --- bien tarn 


gitc AFC thinh NPM 
DS:(D) 



51 


C au 8: 


A1 MM 
IM Aa" ^ “ 

A1 _ _2 ^2 

^ IM + A1 “ 2 + 1 3 

=> Ai = - AM 
3 

Vay I la anh cua M trong phep vi ty tarn 

■ . 2 

A ti so bang ~ 

DS: (A) 

(xem Hinh 29) 

Cau 9: Theo djnh nghTa 

OM|' -kOM 

Lai do kOM = (k\: ky); Toa do OM| 


B' 



Hinh 29 


la toa do cua M), vi vay Mi(kA:k>v) 


DS: (D) 

Cau 10: Gpi M|(xi; yi) 
Theo dinh nghTa: 


IMj 


= kIM <=> 


fxj -a = k(x -a) 
[y, -b = k(y-b) 


<=> 


fxi = kx +(1 -k)a 
|yi =ky + (l-k)b 


DS: (A) 

Cau 11: Nhan xet 0(0; 0) e d. Goi 0| = V(0) 

Theo cau 10 la c6: Oi(-2; -2) 

d la duong thSng qua 0| va song song vdi d. Phirong trinh cua d: 
l(x + 2) + 2{y + 2) = 0ox + 2y + 6 = 0 

DS: (C) 

Co the giai each khac nhu sau: 

Voi mpi diem M(x; y), gpi M(x; y) = V(IVI), theo cau tr§c nghiprm 10 tacdS 


fx’ = 2x - 2 

ly-2y-2 


X 


o 



x'+2 

2 

111 

2 


x ’+2 , y ’+2 

- + i -= 


M thupc dox + 2y = 0<=> -- + ^ 

2 2 

o M thupc d: X + 2y + 6 = 0 

Cau 12: 

(C) CO tarn 0(0; 0) ban ki'nh R = 2. Gpi 0| = V(0) 


0c:'X+2y + 6= 0 
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4 


i lic( * 'Jau 10: (),{ 1: 2) 

(C ,) la di;‘-ng iron co lam O; \a cd baa kinli R 2.2 
: > {( i )■ (\ M ) -^ (\ ^ 2r lb 

DS: (B) 

Cau 13: 

(A) Kliaru diali (A) dung 

(B) Kliarg dinli {[^) sai, Mai dirdng iron cu hai tarn pban biCd nlurng c6 ban kinh 
bang nhau ca mol lam \ i lir 

(C ) Kharg djnh (( ) dung 

Cau 14: 

(t ) cd tarn 1( 1: 0) ban kinh R - 2 
(C'l) cd tarn !|{5; 0) ban kinh R) = 2 
Mai dirdrg iron cd cung ban kinh 
Va\ ((■) \a (Ci) cd mot tarn v i tu 
DS: (B) 

Cau 15: 

(C) cd tani l(!; 0) ban kinh R ^ 2 
(C,) cd teni 1,(3; -1) ban kinh R| = 3 


Tam vi ir ngoai J ihoa man JI - —JIj 

R I 


2 

“ JIi , vav 
3 ‘ ■' 



Fam vj tv trong K thoa man Ki ^-Klj 



DS: (A) 


2 

KIi , vay 
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I 


Cau 16: 

(C) CO tarn 0(0; 0) ban kinh R = 2 
(Cl) c6 tarn 1(2; 2) ban kinh Ri 4 

Ta c6: OI = 2 ^f2 , nen 


R,-R<OI<R| + R 

Vi v^y (C) va (C|) cSt nhau do do chung c6 2 tiep tuyen chung ngomi d d‘u qua 
tarn vi ngoai J 


Vi ji = ^ JO => <! 
R 


J 1-2 
0 


Vi 


J 


1-2 


= -2 
= -2 


=>J(-2;-2) 


d di qua J nen c6 phucmg trinh dang: 

A(x + 2) + B(y + 2) = 0 C5> Ax + By + 2A + 2B = 0 (A' + B’ > 0) 

|2A + 2B| 


d tiep xuc vai (C) o d(0; d) = R c=> 




= 


<=> I A + B I = Va^ + B^ oAB = 0<:=>A = 0 hoac B = 0 

• A = 0 chpn B = l:d:y + 2 = 0 

• B = 0chpn A = l;d:x + 2 = 0 

DS; (B) 
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§6. PHEP DONG DAN(; 


TOfVt TAT Ij THl ^ FT 

I I. f)jnh n^hia: 

1 . Phcp bicn hinli I goi la phep dong dang vai ti so k (k > 0) neu vai hai diem bat 
ki M. N va anh M , N cua chung la luon c6 M N ^ kMN 

2. Hai hinh dirac goi la dong dang ncu c6 phep dong dang bien hinh nay thanh hinh kia 

11. Tinh chat 

1. Mgi phep dong dang F ti so k > 0 deu la hcTp thanh cua mot phep vi tu V ti so k 
va mot phep ddi hinh I) 

2. Phep dong dang bien ba diem th^ng hang thanh ba diem thang hang va khong 
lam thay doi tlu'r tir cua ba diem do, bien dircmg lhang thanh duong thSng, bien tia 
thanh tia, bien doan thang thanh doan thang ma do dai dirge nhan len vai ti so dong 
dang k, bien mot goc thanh mgt goc bang no 


CAC DANG TOAN CO BAN 

I. Dang loan 1: Xac dinh anh cua mgt hinh qua phep dong dang 

Phiratn^phdp: Sir dung djnh nghTa va tinh chat cua phep dong dang 

VD: Trong mat phang Oxy cho dirong tron (C): x" + y" - 2x - 2y - 2 - 0. Ggi (C) 
la anh cua (C) qua phep dong dang c6 dirge bang each Ihuc hien lien tiep phep 

quay tarn O goc 45** va phep vj tir tarn O ti so y[2 . Xac djnh phuang trinh cua (C) 

Giai 

(C) CO tarn I( 1: 1) va ban kinh R == 2. 

Vi I thuoc Juerng phan giac cua goc phan tu thir nhat, nen anh cua I qua phep 
quay goc 45*’ la lt(0; v/2 ) 

Qua phep vi tir tarn O ti so yjl diem l| bien thanh 17(0; 2) 

Vay qua phep dong dang noi tren bien duemg tron (C) thanh duang tron (C) c6 
tarn I 2 va ban kinh = 2 ^/2 

Vay (C): (x - ())' + (y- 2)“ = 8 o + y^ - 4y - 4 == 0 

IL Dang loan 2: Tim pHep dong dang bien hinh H thinh hinh H 

Phumg phdp: Tim each bieu thj phep dong dang do bSng each thgc hign lien 
tiep cac piep d6ng dang 

VD: Cho hai duemg tron (I; R) va (I; 2R) tiep xuc ngoai nhau tgi O, d la duang 
thang tier ^uc vai hai dirong tron t^i O. Gpi V la phep vj t^r tarn O ti so k, D la 
phep doi vung qua duang thang d, F la phep hcjrp th^nh cua D va V. Vai gia trj k 
bang bao nhieu thi F bien (I; R) thanh (I; 2R)? 
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Hlnh 30 

CAL' HOI TRAC NGHIEM 

Cau 1: Cac kh§ng djnh sau day, khang dinh nao dung, khang dinh nao sai ? 

(A) Phep doi hinh la phep dong dang vai ti so bang -1 dung, sai 

(B) Phep vi tu ti so k la mot phep dong dang vai li so -k dung. sai 

(C) Phep vj ty vm ti so k 0 la mpt phep dong dang vai ti so I k I dung, i sai 
Cau 2; kh^g djnh sau day, khang dinh nao dung khang dinh nao sai?’ 

(A) Mpi phep dong dang deu bien duang thang thanh dirang thang S'Ong song 

ho§c trung vdri no dung, * sai 

(B) Mqi phep dong dang bien hinh vuong thanh hinh vuong dung, sai 

(C) Ton t^i phep dong dang bien hinh chir nhat (khong phai la himh viiiong) 

thanh hinh vuong dung, sai 

Cau 3: Gia sir phep dong dang F bien tarn giac ABC thanh lam giac AiB|C| . Gia 
su F bien trung tuyen AM cua tarn giac ABC thanh dirang cao AiM| cua tami giac 
A|BiCi. Kh^ngdjnh sau day, khang djnh nao dung? 

(A) Tam giac A|B|Ci la tarn giac deu 

(B) Tam giac ABC la tarn giac can 

(C) Tam giac AjBiCi la tam giac vuong tai B| 

(D) Tam giac A|BiC| la tam giac vuong tai C\ 

Cau 4: Cho hinh chir nh^l ABDC vai AC = 2AB. Goi 0 ha phep quay taim A^ goc 
quay (p = (AB, AC), V la phep vi ty tam A ti so 2, F la phep hap thanh ciiai V wa Q. 
F bien duang tron tam B ban kmh BA thanh duang duang nao sau day? 

(A) Duong tron lam D ban kinh DB (B) Duang tron tam t ban kinh (JA 
(C) Duang tron lam D ban kinh DC (D) Dirang tron tam A ban kinh , AC 
Cau 5: Cho hai duimg iron (1: R) va (I; 2R) tiep \uc ngoai nhau tai O. d la diuang 
thang tiep xiic vai hai duang Iron tai O. Ggi V la phep vj lu tam O ti s (0 k, D la 
phep doi xung qua duong thang d, F la phep hirp thanh cua i) va V. Vai gia tri k 
bang bao nhieu thi F bien (I; R) thanh (I; 2R)? 


(C)k = 


1 

2 


(D)k = 


\ 

2 
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(A) k = 2 


(B) k = -2 



C iiu 6: I rt'iiLi cac khanu clinli sau (!a\ kliang dinli itao tlung khaiig dinh ni\o sai'? 

(A) i iai liinh \iidim ttcu d(')iii’ Lianjj nhau dung. sai 

(B) lia! cir hai tain giac can iKu> cfing dong dang nliau dung, sai 

(C') liat cir hai hinh ciu'r niiat nao cung dong dang nhau dung, sai 

(D) I Iai doan ihang hat ki ludn dong dang nhau dung, sai 

C’au 7: C’ln> hinli cluT nhal AIK I) co tarn 1. (loi II. K, I.. J Ian lirat la Irung diC’in 
cua AD. IK . KC. I( . I ii giac II MX dong dang \di tu giac nao sau dav'.^ 

(A)JIKI (B)II.JIi (O.lllVA 

C'au 8: I rong mat phang ()\} cho dirong iron (('): \ ^ \ 2\ 2> 2 0. (ioi 

(C’) la anil cua (C) qua phcp dong dang cd dupe bang each tiurc hicn lien tiep plicp 

quay tain O gdc 45" va phcp vj tg tarn () tt so V2 . Plurang trinh cua ((') la 
(A) X' ^ y - 4y — 4 - 0 (B) \ ^ v ^ 4y - 4 - 0 

(C) X 4 y - 4\ - 4\ ~ 4 = 0 (D) + y' - 4x - 4y = 0 

Cau 9: I rong mat phang Oxy cho dircVng tron (('): \ + y‘ -- 2x 2y 2 = 0. (ioi 
(C) la anh cua (C) qua phcp dong dang c6 dupe bang each ihuc hien lien tiep phcp 
quay tarn () gdc 90" va phcp vj tu lam O li so 2. Phuong trinh cua (C) la 

(A) x“ ^ }■ - 4\ - 4\ - 8 ^ 0 (B) X' ^ y ~ 4\ + 4y - 8 ^ 0 

(C) X- + y- 4 4x - 4y ~ 8 - 0 (D) x' 4 y“ 4- 4x 4 4y - 8 - 0 

TRA LOI 
Cau 1: 

(A) Khang di ih sai \ i trong dinh nglna. ti so dong dang phai dirang 

(B) Khang dj’di sai cho trudng hop k > 0 

(C) Kliang dinh dung 

Cau 2: 

(A) Khang djnli sai 

(B) Khang dinh diing 

(C) Khang dinh sai 

Cau 3: I heo linh chat eua phcp dong dang thi AiM| la dmVng trung tuyen cua tarn 
giac A|Bi('i. theo gia thicl A|Mi Iai la dirdng cao nen A|I4iC| la tarn giac can tai 
A] va vi vay AIK can tai A 

DS:(B) 

Cau 4: 

V(B) " U, (xem Hinh 31) 

0(B,)-C 

Qua V dirang trdii tain B ban kinh BA bien 
thanh dirimgtrdn tain B) ban kinh B)A 

Qua Q dirdng iron tain B] ban kinh B| A bien 
thanh dirdng iron tarn C ban kinh C.’A ^ Hinh 31 

DS: (B) 
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Hinh 32 


Cau 5:k = 2. DS: a 

Qua phep doi xung D true d dirang 
tron (I) bien thanh (h) 

Qua phep tinh tien V ti so 2 (b) bien 
thanh (I) 

V 9 y k = 2 
DS: (A) 

(xem Hinh 32) 

Cau 6: 

(A) Khiiig djnh a (A) dung. 

Ta c 6 ket luan tong quat sau: 

Mpi da giac deu c 6 cung so canh deu dong dang nhau 

(B) Kh^g dinh sai, vi du tarn giac deu khong the dong dang veri tarn giac wuomg can 

(C) Khing djnh sai 

(D) Kh3ng djnh dung 
Cau 7: (xem Hinh 33) 

Chu y rang tir giac IHDC la hinh thang 
vuong, vi vay chi c 6 the dong dang voi 
JLKl, JLBA 

Kiem tra ta thly IHDC, dong dang voi 

JLKI theo ti so dong dpng ~ 

2 

DS: (A) 

Cau 8 : (C) c 6 tarn I( 1; !) va ban kinh R = 2. 

Vi I thuQC duemg phan giac ciia goc phan tir thu nhat, nen anh cua I quia ph 6 p 

quay goc 45° la li(0; yfl ) 

Qua phdp vj ty tarn O ti so V2 diem l| bien thanh h (0; 2) 

V^y qua phep dai hinh noi tren dudmg Iron (C) bien thanh duOTg itron (C) c 6 

tarn I 2 vi ban kinh R 2 = 2 V 2 

V|y (C ): (x - 0)“ + (y- 2)“ - 8 <=> x' + y- ~ 4y - 4 = 0 

DS: (A) 

Cau 9: (C) c 6 tarn l( 1; 1) va ban kinh R = 2 

Vi I thuQC duemg phan giac cua goc phan tir thir nhat, nen anh cua I quia phep 
quay goc 90° la l|(-l;I) 

Qua phep vj ty tarn O ti so -2 di4m 1 1 bien thanh h (2; -2) 

V$y qua phep d^yi hinh noi tren duemg (ron (C) bien thanh duong tron (C) c 6 
lam I 3 va ban kinh R 2 = 4 ' 

V^y (C): (x - 2)^ + (y + 2)^ = 16 o x' + y‘ - 4x + 4y - 8 = 0 

DS: (B) 



58 




ON C HirON(i 

Cau 1 : 1 rt»tig cac khaiig djiih sau. kluliig diiili nat) thing khang tiirih nad sai'.’ 


(A) [*hep dong nhat !a mol phep tinh ticn 

dung. 

sai 

(B) Phep dong nfial la mol phep qua\ 

dung. 

sai 

(C’) Idicp dong nhat la mol phep doi xung tarn 

dung. 

sai 

(1)) I’hep dong nhat la mot phep v i tu 

dung. 

sai 

Cau 2: Trong cac khang dinh sau. khang dinh nao dung khang djnh nao sai? 


(A) Phep doi xung tarn la mot phep vj tu 

dung. 

sai 

(B) Phep doi xung tarn la mot phep dong dang 

dung. 

sai 

(C) Phep doi xung tarn la mot phep quay 

dung. 

sai 

(D) Phep doi xung tarn la mot phep doi xung true 

dung. 

sai 


Cau 3: Trong cac phep bien hinh sau, phep nao kliong phai la phep dai hinh? 
(A) Phep quay (B) Phep dong nhal 

(C) Phep vj lu vai ti so -1 (D) Phep dong dang voi ti so 2 


Cau 4: Cho hai diem phan biet A, B 

Trong cac khang djnh sau day, khang djiih nko dung khang dinh nao sai? 

(A) Co duy nhat mot phep doi xung true bien A thanh B . dung, sai 

(B) Co duy nhal mol phep tinh lien bien A thanh B dung, ., sai 

(C) Co duy nhat mot phep quay bien A thanh B dung, T. sai 

(D) Co duy nhat mot phep vi tg bien A thanh B - dung, □ sai 

Cau 5: Hinh nao sau day c6 v6 so true doi xurng? 

(A) Parabol (B) Hinh vuong 

(C) Dircmg thang (D) Doan thang 

Cau 6; Hinh nao sau day c6 v6 so tarn doi xung? 

(A) Hinh luc giac deu 

(B) Hinh gom hai duang thang chx nhau 

(C) Hinh gom hai dirang thing song song 

(D) Hinh gom hai dtrong Iron c6 ban kinh bing nhau 
Cau 7: Trong cac khang djnh sau, khing dinh nao sai? 

(A) Phep tinh ticn bien duong thing thanh dirang thing song song hoic trung 
voi no 

(B) Phep doi xung trge bien duang thing thanh duang thing song song hoic 
trung vai no 

(C) Phep doi xung tarn bien duang thing thanh duang thing song song hoic 
trung vai no 

(D) Phep vi tir bien dircnig thing thanh duang thing song song hoic triing vai no 

Calu 8: Trong cac inenh de sau, m^nh de nao sai? ^ 

(A) Co phep tjnh ticn bien mpi diem thanh chinh no 

(B) Co phep doi xung true bien moi diem thanh chinh no 





(C) Co phep quay bien noi diem thiinh chinh no 

(D) Co phep v i tir bien moi diem tlianh chinh no 
Cau 9: Trong cac khang dinh sau. kliang dinh nao sai? 

(A) Hai dirtVng thang bat ki lubn dong dang 

(B) Hai dirang tron bat ki luon dong dang 

(C) Hai hinh ngu giac deu luon dong dang 

(D) Hai hinh chir nhat bat ki luon dong dang 

Cau 10: Trong mat phang toa do 0\y, cho dirang tiling d: \ - y + I = 0. A\nh cua d 
qua phep doi xung qua true hoanh la dirdng thang c6 phirang trinh: 

(A)x + y + I = 0 (B)x-y - I - 0 

(C) X + y - I = 0 (D) X + y + 2 = 0 

Cau II: Trong mat phang Oxy cho dirang th^ng d c 6 phuang trinh Tx - 2y — 1 = 
0. Anh cua d qua phep doi xuhg tarn O c 6 phu’ong trinh la 
(A) 3x + 2y + 1 = 0 (B) -3x + 2y - 1 - 0 

(C) 3x + 2y - 1 = 0 (D) 3x - 2y - 1 = 0 

Cau 12: Trong mat phang Oxy cho parabol (P): y = x‘ + 1 va diem I( 1 : 1 ). Anh cua 
(P) qua phep doi xijng tarn 1 la parabol (P) c 6 phirang trinh 
(A) y = -X" + I (B) y -x" + 4x - 3 

(C) y = -X + 4x + 3 (D) y = -x' - 4x - 3 

Cau 13: Trong mat piling Oxy cho duang th^ng d c 6 phuang trinh: 3x + y + 1^0. 

Anh ciia d qua phep tinh tien theo vecta u = (2; I) la dirang thang c6 phirang trinh 
(A) 3x + y - 6 = 0 (B) 3x + y + 6 = 0 

(C) 3x - y - 6 = 0 (D) 3x - y + 6 - 0 

Cau 14: Trong m^t phing toa dp Oxy cho duang tron (C) c6 phuang trinh 

X" + y‘ - 6x + 4y + 4 = 0. Anh cua duang tron (C) qua phep tinh tien theo veetta v 
= (-2; I) la duang iron c6 phuang trinh la 

(A) + 2x + 2y - 7 = 0 (B) x^ + y- - 2x + 2y - 7 = 0 

(C) x’ + y’ - 2x - 2y - 7 = 0 (D) x’ + y' + 2x - 2y - 7 = 0 

Cau 15: Trong mat piling Oxy cho diem A(0; 2). Anh cua A qua phep qumy taim O 
goc -90^ c 6 toa dp la 

(A)(0;2) (B)(2;0) (C)(-2;0) (D)(2;2) 

Cau 16: Trong mat phang Oxy cho duang thang d c6 phuang trinh x + 2y - 4 ~ 0. 
Anh ciia d qua phep quay tarn O goc -90“ la duang thang c6 phuang trinh: 

(A) 2x ~ y ~ 4 = 0 (B) 2x y - 4 = 0 

(C) 2x - y + 4 - 0 (D) 2x + y + 4 - 0 

Cau 17: Trong mat piling Oxy cho duang tron (C): (x - 2)' + y" ^ 9. Anh ciun (C) 
qua phep quay tarn O goc quay 90*^ la duang tron c6 phuang trinh la: 

(A) x‘ + y“ ~ 4x - 5 =" 0 ‘ (B) x‘ + y" + 4x - 5 = 0 

(C) X- + y^^ + 4y - 5 = 0 (D) x“ + y" - 4y - 5 - 0 
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Can 18: 1 rtnig nvM philnjj ()\\. anh cua M( !: 2) qua phcp \ j lu tain () li so 2 la: 

(A)(2: i) (BlC. 4) (C)(2: 1} (DjC: 4) 

('All l‘>: I roup null phaiiu < )\_\. anli siia M( !. 2 l qua plicp \ i lu t;iin I( 2; '> Mi so 2 
la dicin cd toa do: 

(A) (4: 1 ) (B) ( !: 4) (C ) ( 4: ! ) (D) ( 1: 4) 

C au 20: [ ra>ng iiial phaup ()\\. anil cua diidiiu lliang d: \ ^ 2\ 1 0 t]ua pluip \ j 

tir lam () ti so 2 la diiong ihang cd phuong trinh 

(A) \ 2\ 2 4 (Bl \ * 2\ ^ 2 - 0 

(C‘) \ 2\ f 2 0 (D) N ■ 2> 2 - 0 

Cau 21 : 1 rong mat phang ()\\ c4io diioaig thanu d cd phir(vng trinh \ 2\ I 0 

va diem l( 1: 2). Anii cua diidng ihang d qua phep v i tir tarn I li sd 2 la diidng ihang 
cd piurong trinh 

(A) \ ~ 2> - 5 (J (B) \ - 2\ 5 - 0 

(C) X - 2y + 5 " 0 (D) \ 2\ -i 3 0 

Cau 22: I rong mat phang ()x\ cho hai diCmi A(2: “3). B( I: I). ('(3: 4). (iqi I la 
lurp thanh bai phcp ddi xirng qua tarn \ a phep \ i tu tarn C' li sd -2. Anh cua A 
qua F cd toa do la: 

(A) (9: 2) (B)(2:9) (C)(-9; -2) (l))( 2: ~9) 

TRA LOT 
Cau 1: 

(A) Phcp dong nhal la mol phep tinh lien iheo \ccto’ 0 . kliang djnh dung 

(B) Phep dong nhal la mot phep quay vdi gcSc qua> k36()** (k e Z), khang diiih dung 

(C) Phep dong nhal khdng the la phcp ddi xirng lam, khang dinh sai 

(D) Phep dong nhal la mot phep vi tir vdi ti so I. khang dinh dung 

Cau 2: 

(A) Phep doi xirng tarn la phcp vj lir c6 tarn vi \\t la lam cua phep ddi xirng va 
CO ti so -1, khang dinh dung 

(B) Phep ddi xirng tarn la phep dong dang vdi he sd dong dang 1. khang dinh 
dung 

(C) Phep ddi xirng lam la phep qiiav vdi lam quay la tarn ddi xirng va gdc quay 
bang 180^’, khang dinh dung 

(D) Phep ddi xirng tarn khdng the la phep ddi xirng true, khang djnh sai 

Cau 3: (D) 

Cau 4: 

(A) Khang djnh dung 

(B) KhAng dinh dung 

(C) Khang dinh sai 

(D) Khang dinh sai 
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Cau5: 

Mpi duang thang vuong goc vai dirtrng thang a deu la true doi xi'rng cua a. 

DS: (C) 

Cau 6 : Hinh gom liai dirang thang song song c 6 v 6 so tarn doi xi'rng. 

DS: (C) 

Cau 7: 

KhSng dinh (B) sai. DS: (B) 

Cau 8 : 

(A) Khang djnh (A) la dung, do la phep tjnh tien theo vecta 0 

(B) Khang djnh sai 
DS: (B) 

Cau 9: 

KhSng djnh iV cau (D) la khang dinh sai 
DS: (D) 

Cau 10: Lay diem M(x; y), diem doi xung vai M qua true hoanh la VI (x; -y) 

V$y anh ciia d qua phep doi xtrng true hoanh la: 
x+y+I =0 

DS: (A) 

Cau 11: Diem M(x; y), diem doi xirng voi M qua tarn O la M (-x; -y) 

Vay anh ciia d qua phep doi xung tain O eo phuang trinh la 
3(-x) - 2(-y) - I = 0 o -3x + 2y - 1 = 0 

DS: (B) 

Cau 12: 

Voi mpi diem M(x; y), diem doi xirng vdi M qua I la diem M(2 - x; 2 - y) 

V|iy phuang trinh cua (P) la: 

2 - y = (2 - x)' + 1 <=> 2 - y = 4 - 4x + x’ + 1 <=> y = -x" + 4x -- 3 

DS: (B) 

Cau 13: Voi mpi di4m M(x; y), anh cua M qua phep tjnh tien theo u = (2; 1)) la 
diem M(x + 2; y + I) 

Thay x bdi x - 2 va y boi y - 1 ta c 6 phuang trinh cua anh d cua d qua iphiep 
tjnh tien theo vecta u 

d: 3(x -2) + (y- l) + 1 = 0o3x + y- 6 = 0 

DS: (A) 

Cau 14: Voi moi diem M (x; y), anh cua M qua phep tjnh tien F theo viecto v la 
diem M(x - 2; y + 1) 

Vay anh ciia (C) qua T la duerng tron 

(C ): (X + 2)- + (y - I )■ - 6 (x + 2) + 4{y - 1) + 4 = 0 

o x‘ + y‘ - 2x + 2y - 7 = 0 

DS: (B) 
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C au 15: (B) 

Cau 16: l av M((): 2) f d. anh cua M qua phcp quav i) tain () ^6c qua\ la 
dicin M(2: d) 

Anh cua d qua phcp qiia\ Q la dirung thang d di qua M va vudng goc viVi d. 
vav phirong irinh cua d la: 

2(\-~2) l(y {)) ()<>2\ y 4-0 

DS: (A) 

Cau 17: 

(C) cd tan 1(2; 0) va ban kinli R 3 

Anh cua I qua phcp quay Q lam () goc quay OO" ia I (0; 2) 

Vay anh cua (C) qua Q la dirdng iron (C') tarn I ban kinh R - 3, vay 
(C’): >- +- (y - 2)“ = 9 <=> - 4y - 5 - 0 

DS: (D) 

Cau 18: 

Anh cuaM qua phep vj tu V tarn O ti so 2 la M|, ta c6: 

C)M, = 20M 


Vay Mi(2; 4) 

DS: (C) 

Cau 19: 

Goi Mt(\i; yi) la anh cua M qua phep vi tu tarn I ti so 2, ta c6: 


IMi -2IM o 


Xi +2-2(I + 2) 

Vi -3-2(2 



DS: (A) 

Ciu 20: Vci moi diem M(x; y), anh cua M qua phep vj ty V tarn O ti so -2 la diem 
M,(--2x; -2v) 

Vay anh cua d qua V la duang thang d c6 phuong trinh 

- - - 2(~ — ) - I - 0 (thay x bdi - —, y bai - — ) 

2 2 ^ 2 ^ 2 

o X + 2/ + 2-0 

DS: (B) 

Ciu 21: Gci M](\i; y^) la anh cua diem M(x; y) qua phep vj i\x V tam I ti so 2, la c6 

X| +1 

X = — - 

2 


Anh cuad qua V c6 phuong trinh: 

— - 2 - l= 0<=>x~2y-5 = 0 

2 2 

DS: (A) 


. [x| - 1 = 2(x - 1) 

IM| =2IM ^ ‘ o \ 

jy, -2 = 2(x -2) 
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Cau 22: 

(loi A I la anh cua A(2; -3) qua phcp doi xi'rng tarn B, la c6 A|((); 5 ) 

(ipi A_7 (Xt: y>) la anh cua A| qua phcp vi tir lain C’ li so -2. la cd: 

fx. - 3 - 2(0 3) fx->-0 

CAt -^-2CA| <r> J “ c:> ; “ 

[y. - 4 - 2(5 - 4) |y. 2 


DS: (A) 
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ChiFO'ng II 

QUAN HE SONG SONG 

§ 1 . OAi C l (yN(. vi: ni Vjm, iuanc, va mat phanc. 

TOM TAT Lj THI V RT 

I. C sic tinh chat; 

I. ( c> mo! chi mot dirtrne than^ di cjtia hai diem phan hiel 
; 2. C o mot \a clii mol mat pliang di qua 3 diem khdng thang hang 

I 3. Neu mot dudng thang ed hai diem phan biel tliupc mat pliang ihi moi diem 
I cua dirong thang deu thuoc mat phang 

4. Ion tai hdn diem khong ciing tluioe mol mat phang 

5. Neu hai mat phang phan biel cd mot diC'in cluing thi cluing con cd mot diem 
I chung khac nira 

II. Cach xac djnh mot mat phang 

C'd ba each xac dinh mol mat phang 

1. Melt phang hoan loan xac dinh khi biet nd di qua ba diem khdng thang hang 

2. Mat phang hoan loan xac dinh khi biel nd di qua mdl diem \a dura mdi 
dirong thang khdng di qua diem do 

3. M^t piling hoan loan xac djnh khi biet nd chua hai dirdng ih^ng cat nhau 

III. Hinh chop va hinh tur di^n 

Trong mSt plu^ng (P) cho da giac Idi A|A>..A„. Lay diem S ngoai (P). Lan luol 

noi S voi cac dinh At, .A„ la dirge n tarn giac SA|A:, SA:A;, .... SA„^iA,„ 

SA„A|. Hinh gdm da giac A 1 A 2 ...A,, va n tarn giac SA|A:. SA:A',, SAnAi goi la 
hinh chop, ki hieu S.A|A:...An 

Cho bon diem khdng dong phSng A. B. C, D. ftinh gdm bon tarn giac ABC. 
ACD, ABD, BCD goi la hinh ti'r dien 
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CAC DANG TOAN CO BAN 

I. Dang toan 1: X^c djnh giao tuyen ciia hai mit ph&ng 

Phirmig phdp: De xac djnh giao tuyen ciia hai tnai phang ta tini hai diem chung 
phan bi?! thupc chung 


VDl; Cho tur di^n ABCD va diem M 
thupc mien trong cua lam giac ACD. 

Gpi I va J tirang ung la hai diem tren 
cgnh BC va BD sao cho iJ khong song 
song vai CD. Xac djnh giao tuyen cua 
hai m$t phing (ACD) va (IJM). 

Giai 

GQiH = CDnlJ 
=:> H e (ACD) n (IJM) 

L^ii do M € (ACD) n (IJM) 

Vay (ACD) n (iJM) = MH (xem Hinh 34) 



VD2: Cho hinh chop S.ABCD. AB cat CD t^i E, AC cat BD tai F. 

a) Tim giao tuyen cua (SAB) va (SCD), (SAC) va (SBD) 

b) Tim giao tuyen cua (SEE) vai (SBC) 

Giai S 


a) S la diem chung ciia hai mat phang (SAB) 
va (SCD) 

E e AB. AB c (SAB) => E e (SAB) 

E e CD. CD c (SCD) E e (SCD) 

E la diem chung thir hai cua (SAB) va (SCD) 
vay giao tuyen ciia (SAB ) va (SCD) la SE 
Chung minh tuang nr giao tuyen ciia (SAC) 
va (SBD) la SF 

b) S la diem chung ciia (SEE) va (SBC) 

Gpi K la giao diem ciia BC va EF la c6 K la 

diem chung thOr hai 

V^y giao tuyen ciia hai m^t phSng (SEE) va (SBC) la SK 

II. D^ng toan 2: Xac djnh giao diem cua du-bng thing va mil phing 



Phinrag phap: Xac djnh giao diem ciia dirong thing d va mil piling (IP) 

THI: Neu trong (P) c6 duimg thing a cit d tai A thi d cit (P) tai A 

TH2: Neu trong (P) khong c6 sin dubng thing a cit (P) ta thuc hifii nhu sani: 

• Chpn mit phing (Q) qua d va cit (P) theo giao tuyen b 

• Xac djnh giao diem B ciia b va d 
B cung la giao diem ciia d va (P) 
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Hinh36 


VI): C’Ik^ tiV dien I) Iren canh AB lay I, 

CB las diem J. Cl) la\ diem K sao cho JK / \ 

khong song song vdi BI) I / \ 

a) rim giao diem cua JK va (ABO) -.xT 

b) I ini giao diem cua AO va (UK) / \ 

Cw 'w B 4 - 

a) Goi F-. “ JK Bf) I-> JK rMABO^ \ ^ ^ 

b) (ABO) la m«al phang qua AO 

(ABD) va (UK) cat nhau theo giao luyen IB 

Goi T - IE n AO T - AO n (UK) , 

(xem Hinh 36) 

VD2: Cho hinh chop SABC'O, diem M Iren canh SC, diem N tren canh BC 

a) Tim giao diem cua AM va (SBO) 

b) Tim giao diem cua SO va (AMN) S 

a) Ta chpn (SAC) chua AM, lim giao //i^\\ 

tuyen cua (SAC) va (SBD) (xem hinh 37) / / j 

Goi O la giao diem cua AC va BO / K/ ' 

De chung minh (SAC) n (SBD) = SO / 

/ / I|^ ' \\ 

Gpi I la giao diem cua SO va AM ^ - f - ^ -nA- -W B 

I la giao diem cua AM va (SBD) 'A 

b) Chon (SBD) chi'ra SD, tim giao tuyen \ \\n 

ciia (SBD) va (AMN) 

Goi J la giao diem cua AN va BD A 

DI chirng minh (SBD) o (AMN) =" IJ 
Gpi K la giao diem cua IJ cua SD 

K la giao diem cua SO va (AMN) Hinh 37 

111. Dang toan 3 : Chirng minh 3 diem thang hang 

Phwangphap: Ngoai cac phirang phap da bict trong hinh hoc ph^ng, la con c6 
the chirng minh ba diem do cimg thuoc hai m$l phSng phan bi?t 


VDI: Cho tu dien SABC. Tren SA, SB, SC 
Ian lugrt l4y cac diem 0, F, va F sao cho DE cat 
AB t^i I, EF cat BC tai J, FD ckx CA tai K. 

Churng minh I, J, K thdng hang 

Giai J 

Ta CO 

I, J, K thupc (OFF) 

I, J, K thu(>c (ABC) 

(DEF) va (ABC) la hai mat phSng phan bi^t 
V^y I, J, K thang hang (xem Hinh 38) /j , ^ Hinh 38 


A 


Hinh 37 







VD2: Cho hinh chop S.ABCD. Goi I, J la hai diem ircn SA va S(\ MAt phang (P) 
quay quanh IJ cat SB tai M, SD lai N. Clu'rng minh IJ, MN. SO donu qiii 

Giai S 

Goi L la giao diem cua cua IJ va MISI, ta chirng 
minh L, S, O thang hang (\em Hinh 39) 

Ta c 6 : 

S, O, L thuoc(SAC) 

S,0, Llhuoc(SBD) 

Mat khac (SAC) va (SBD) la hai m^l phang A 
phan bi^t 

Vay S, O, L thang hang 
Hay noi each khac iJ, MN, SO dong qui tai L 

Hinh 39 

CAU HOI TRAC NGHIEM 
Cau 1: Chpn khangdjnh dung: 

(A) Qua 2 diem phan bi^t c 6 duy nhat mot m$t phAng 

(B) Qua 3 diem phan bi^l bat ki c 6 duy nhat mot mat phAng 

(C) Qua 3 diem khong thAng hang c 6 duy nhat mot mat phang 

(D) Qua 4 diem phan bi?l bit ki c 6 duy nhat mpt mAt phAng 

Clo 2: Trongcac khAng djnh sau, khAng dinh nao dung khAng djnh nao sai? 

♦ # y '• 

(A) Qua 2 dirdng thdng bat ki c 6 duy nhat mpt m§t phdng dung, i sai 

(B) Qua 2 duong thSing cSt nhau c 6 duy nhat mot mat phang dung, i sai 

(C) C 6 duy nhat mpt mjt phdng di'qua mpt diem va mpt duong th^g bat ki cho tnrac 

dung, sai 

C4u 3: Trong cac khang djnh sau, khang djnh nao dung, khang djnh nao sai? 

(A) Co duy nhat mpt mat phang.di qua mpt duimg thang va mpt diem ngoai 

duong thang do dung. sai 

(B) Co duy nhat mpt mjt phang di qua 2 diem va mpt dircVng thang bat ki 

dung, sai 

(C) C 6 duy nhat m$t phang di qua 3 diem phan bipt dung, sai 

C&u 4: Trong cac khang djnh sau, khang djnh nao dung, khang dinh nao sai? 

(A) Hai mat phang c 6 mpt diem chung thi chung c 6 v 6 so diem cluing 

dung, sai 

(B) Hai mat ph^g c6 mpt diem chung thi chung c6 mpt dirdng thang chung duy nhat 

dung. ' sai 

(C) Hai mat phang phan bipt c 6 mpt diem chung thi chung c 6 mpt duong thang 

chung duy nhat dung. sai 

(D) Neu 3 diem M, N, P cung thuoc hai mAt phAng phan bi^t thi cluing thang hang 

dung. sai 
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Cau f: C ac >cu to nao sau day \ac daih ino! mat phang dii_\ iihal'^ 

(A Ba diem phaii hicl (B) Mot diem \ a mot dirdng thaiig 

((' Mai dudiig lining cat nhaii (I)) Bdit diem plian biel 

C'au (: C ho dudng thang d], d> d^ khong eung tluioc mot mat phang \a cat iihau 
{irng thi. C hon khang dnili dung 
(A 3 dirdiig lhang tren dong qui 
(B 3 dirong thang tren Irung nhaii 
(C 3 dirang thang tren dura ba canh ciia mot tarn giac 
(D C ac khang dinh a a, b, c deu sai 
Cau 7 Trong cac khang djnh sau, khang dinh nao dung? 

(A Neu ba diem A, B, C la ba diem chung cua hai mat phang (P) va (Q) thi A, 
R. C thang hang 

(B Ncu A, B, C thang hang va (P) va (Q) c6 diem chung la A thi B, C cung la 
hai diem chung cua (P) va (Q) 

(C Neu ba diem A, B, C la ba diem chung cua hai mat phang phan bi^t (P) va 
(Q) thi A, B, C khong thang hang 

(D ;Neu A, B, C thang hang va A, B la hai diem chung cua (P) va (Q) thi C 
cung la diem chung cua (P) va (Q) 

Cau 8 Cho ti'r giac ABCD. Co the xac djnh duac bao nhieu mat ph^ng chira tat ca 
cac diih cua tir giacABCD? 

(A)l ^ (B)2 

(C)3 (D) Khong c6 mat phang nao 

Cau 9 Cho tu dien ABCD va diem M thupc mien trong ciia tam giac ACD. Gpi 1 
va J tiong ung la hai diem tren canh BC va BD sao cho IJ khong song song vai 
CD. Gn H, K l^n lugt la giao diem cua IJ voi CD cua MH va AC. Giao tuyen cua 
hai ma phang (ACD) va (IJM) la 

(A)KI (B)KJ {C)Ml (D)Nli-l 

eSu H: Cho tu di^n ABCD, O la mpt dilm ihuoc mi^n trong • n giac BCD, M la 
diem ten canh AO, 1 tren canh BC, J tren canh BD. JI c^t CD tai K, BO cat Jl tai 
E, BO M CD tai H. ME cat AH tai F. Giao tuyen cua (MJl) va (ACD) la: 

(A)<M (B)AK (C)MF (D)KF 

Cau 1 j: Cho 4 diem khong dong phang A, B, C, D. Gpi !, K Ian lugl la trung diem 
cua AL va BC. Giao tuyen ciia (IBC) va (KAD) la 

(A)!K (B)BC (C)AK (D) DK 

Cau 12 Cho hinh chop S.ABCD. AB cat CD tai E, AC cat BD tai F. Chgn khang 
djnh ding 

(A) SAB) n (SCD) = SE (B) (SAC) n (SBD) = SE 

(C) SAB) n (SCD) - SF (D) (SAB) n (SCD) = EF 

Cau 12 Cho tu dipn ABCD. I la diem nim tren duong thang BD va ngoai do^n 
BD. Tong mat phang BAD ve duemg th^g qua I, cat AB K, AD t^i L. 
Trong n$t phang BCD, vg duong th^g qua I, cM CB M, cat CD tai N. BN cat 
DM ttaiO. BL cat DK tai E, LM cat KN tai F. Chpn khang djnh dung? 
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(A) A, F, O khong thSng hang va C, F, E thSng hang 

(B) A, F, O thing hang va C, F, E thing hang 

(Q) A, F, O thing hang va C, E, F khong thAng hang 
(D) A, F, O khong thang hang va C. F, E khong thing hang 
CSu 14: Cho bon diem A, B, C, D khong dong piling. Gpi M, N Ian lirgi l;a irunj; 
diem cua AC va BC. Tren do^in BD lay diem P sao cho BP = 2PD. Giao diiem ciia 
dirong thing CD va m$t phi ng (MNP) la giao diem cua 

(A) NP va CD (B) CD va MN 

(C) CDvaMP (D)CDvaAP 

Cau 15: Cho tir di?n ABCD, tren AC va AD Ian lugl lay M. N sao cho MH khong 
song song vori CD. Gpi O la mpt diem thupc mien trong ciia tarn giac BCD). Chpr 
khing djnh dung 

(A) Giao diem ciia BC vdfi (OMN) la giao diem cua BC vdi OM 

(B) Giao diim ciia BC vdi (OMN) la giao diem ciia BC vdi ON 

(C) Giao diem ciia BC vdi (OMN) la giao diem cua BC vdi MN 

(D) Cac khing djnh d (A), (B), (C) deu sai 

Cfiu 16: Cho hinh chop S.ABCD day la hinh binh hanh. Gpi M la trung diiem ciia 
SC. Gpi I la giao diem ciia AM vdi (SBD). Chpn khing djnh diing 

(A) IA = -2IM (B) IA = -3 IM 

(C)IA = 2iM (D)IA = 2,5!M 

Ciiu 17: Chpn khing djnh sai 

Thi^t dipn cua mpt hinh tii dipn vdi mpt mSt phing c6 the la 
(A) Tam gidc (B) Tam giac vuong 

(C) Tur gi4c (D) Ngu giac 

eSu 18: Cho mp(P) va diSm A d tren (P) va mpt dudng thing a khong niim trong 
(P) a khong di qua A. Co nhieu nhat bao nhieu dudng thing b thupc (P) Ibiet b d 
qua A v^ cSt a? 

(A) I (B)2 

(C) Vo s6 dirdng thing (D) Khong cd dudng thing nio 

Cfiu 19: Cho tu dipn ABCD. Gpi E, F, G, K Ian lupl thupc cac c^nh AB, BD, 
AD. EF cit BC t9i I, EG cit AD tfii H, KF efit CD t^i T, EK cit BD t^ii L 

(A) I, T, L thing hfing vi IG, FH, CD dong qui 

(B) I, T, L khong thing hang va IG, FH, CD dong qui 

(C) I, T, L thing hfing vfi IG, FH, CD khong dong qui 

(D) I, T, L khong thing hang va IG, FH, CD khong dong qui 

TRALdi 
Cfiu 1: (C) 

Cfiu 2: 

(A) Khing djnh sai (B) Khing djnh diing (C) Khing djinh sai 
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CSu3; 

(\) <hang dinh dung 
(i) 'vhang djnh sai 

(") N.hang dinh sai. Khang dinh dung la: c6 du\ nhat mat pnang di qua 3 diem 
khoig mang hang 

Cau4: 

(^) *vliang dinh dung (B) Khang dnili sai 

(C) <.liang dinh dung (D) KhSng dinli dung 

CSu5:(C) 

Cau6: 

Uiaig dinh cau (B) va (C) ro rang la sai vi 3 dirdng thang tren khong cung 
thuQ: irol mSt phang. Kiem tra ta thav khang djnh cau (A) la dung 
IS: (A) A 

Co ne dung phircrng phap phan chirng de chirng minh 

Cfiu7:(D) 

Cau 8: (A) 

Cau 9 :(xem Hinh 40) 

\i H = CD nIJ 

=> h e (ACD)n(IJM) H 
Ui JoM e(ACD)n(lJM) 

\ 9 > (ACD)n(IJM) = MH 
fiS:(D) 

B 

Hinh 40 



Cfiu 10: (xem Hinh 41) 

Ta c6; 

k € (ACD); K e (MJI) 
r e (ACD); 

I € (MJI) 

=>(\CD) n(MJI) = KF 
f)S:(D) 
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Chu 11: (xem Hinh 45) 

Vi l = ADnCI 

I e (IBC)o{KAD) 

K = BC n DK 
n> K e (IBC)r>(KAD) 

V^y (IBC)n(KAD)= IK 
DS: (A) 

Cau 12: (xem Hinh 44) 
(SAB)n(SCD) = SE 

DS: (A) 

Cau 13: (xem Hinh 42) 

Ta c6: 

A € (ABN) n (ADM) 

F e (ABN) o (ADM) 

O e (ABN) n (ADM) 

=> A, F, O thSng hang 
C € (BCL)n(CKD); 

F 6 (BCL) o(CKD) 

E e (BCL)n(CKD) 

=> C, F, E thing hang 
DS: (B) 

Cau 14: (xem Hinh 43). Ta c6 
QeCD (1) 

Q 6 NP=>Q 6 (MNP) (2) 

(1) va(2)ii>CDn(MNP) = 0 

DS: (A) 


A 



Hinh 42 

A 




Hinh 44 


Hinh 43 
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C'fui 15: (’<tc kliang diiih ir ( A ). ( H). (( ) dcu sai 

l)c lii'i ^iao tiicin ta tiurc liicn iihu >.au; Kco tlai M\ cat C‘I) lai i. noi Ol cal IK 
tai iV (i i.'i' dicni can lim la I* (\cni I liiih 46) 
f)S: (D) 

C'liu 16: txcni llinh 47) 

(ioi ( la tani cua hinli binh hanli AFK L) 

V\ AM \a SO thiioc nicK pliiing (SA( ) \a khotiL: song song non AM cat SO tai I 
Oc cl'.ang ininh rang I clinili la giao diem cua AM \a (SBO) 

V i S(^ va AM la hai triing luyen cua tarn giac SAC' nen I la Irpng tarn cua tarn 
giac SAC 

V.XV 1^ - 2IM 

DS:(\) 

A 


C 


1 A B 

Hinh 46 Hinh 47 

Cau 17: Vi tir dien c6 bon mat nen thiet dien c6 toi da 4 do^n giao tuyen, vi vay 
khong the la ngu giac 
DS; (D) 

Cau 18: Day ih^xc chat la bai loan dixng hinh. Ta can dgiig duemg thSng b (ban doc 
tvr v5 him), b chi'nh la giao tuyen cua mp(A. a) va mp(P) mp(A, a) va mp(P) phan 
bi^t va cc diem chung A 

V^y c) nhieu nhat mot dirong thang b 
DS: (A) 

:au 19: 

Vi^c chung minh 1, T, L thang hang, ban doc xem phan phuang phap (xem 
Hinh 48) 

Ta chrng minh IG, FH, CD dong qiii 

Gpi Sla giao diem cua IG va FH (chii y rang IG, FH thuoc mp(IFH)) 
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Ta chCrng minh S, C. D thang hang 
C. S. DthuQc(ACH) 

C. S,Dthupc(BIG) 

Vay C, S, D thfing hang 

Hay IG, FH, CD dong qui. DS (A) 


A 



Hinh 48 
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§2. HAI Dl (>N(; TH \N(; CHEO SHAV 
V A HAI Dl THANC; SONC SON(; 

__ 

I. Vi tri tirong doi cua hai dirong thAng a, b trong khong gian 

THI : a, b cung thiioc inol mat phaiig; ta noi a. b dong phang 

• va h CO diem chimg diiv nliat VI. ta ntSi a c«at b lai M. ki hieu a b ^ M 

• ?. va b khbng c6 diem chung Ta noi a va b song song, ki hitni a // b 

• Meu a va b c6 2 diem chung phan biet la noi a trung vai b. ki hi^u a = b 
TH2; Khong cb mat phang chira a va b: ta noi a va b cheo nhaii 

H. Tinhchat: 

1. Ojah li 1: Trong khong gian. qua mol diem khong nam tren dirong thang cho 
trirac, cc mot va chi inol dirong lliang song song vbi dirang thang da cho 

2. Ohh li 2: Neii ha mat phang phan biet doi mot cat nhau theo ba giao tuyen 
phan bie tlii ba giao tuyen ay hoac dong qui hoac song song vai nhau 

He qia: Neu hai mat phAng phan biet Ian krgt chira hai dirang thing song song 
thi giao tuyen cua chung (neu c6) cilng song song vai hai dirang thang do hoac 
trung vd niQt trong hai dirdng thang do 

3. Ojih li 3: Hai dirdng tliAng phan biet cimg song song vdi dirdng thang thi'r ba 
thi song song nhau 


CAC DaNG TOAN CO BAN 

1. Dang loan 1: Xac djnh giao tuyen cua hai msit ph^ng 

Phirrngphdp: De tim giao tuyen cua hai m^t phang (P) va (Q), ngoai each tim 
hai dierr chung, ta c6 the sir d^mg each sau: Tim mgt diem chung S. Tim trong (P) 
va (Q) lin lirgl hai dirdng thang a, b sao cho a if b. Giao tuyen cua (P) va (Q) la 
dudng tl^ng di qua S va song song vdi a 


VDI: Clo hinh chop S.ABCD c6 ABCD 
la hinh tiahg day AB. Xac dinh giao tuyen 
cua (SA3) va (SCD) 

Giai 

S G (SAB)n(SCD) ■ 

AB e (SAB), CD e (SCD), AB // CD 
V^y giio tuyen cua (SAB) va (SCD) la 
dirdng tlSng qua S va song song vdi AB 
(xem Finh 49) 



D C 

Hinh 49 
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VD2: Cho hinh chop S.ABCD c6 day ABCD la hiiih thang. caiih day AD a, CIB = b. 
I, J Ian lirol la trpng tain cac tain giac SAD va SBC' 

a) Tilth dp dai do^n giao tuyen ciia mat phang (ADJ) va mat ben (SBC ) ciia 
hinh chop S.ABCD 

b) Tim dp dai doan giao tuyen cua mat phang (BCI) va mSt ben (SAiD) ciiai hinh 

chop S.ABCD S 

Giai i\ 


a) J la diem chung cua (ADJ) va (SBC) 

M$t khac AD // BC, AD c (ADJ), BC c (SBC) 
Nen giao tuyen ciia (ADJ) va (SBC) la duong 
thing d qua J va song song vai BC (xem Hinh 50) 

Gpi M la tning diem cua BC. P va Q Ian lupl 
la giao diem ciia d vai SB va SC 
Theo djnh li Talet; 

PQ SJ 2 _ 2 , , 

-=-= — => PQ - — b 

BC SM 3 3 




Hinh SO 


V^y doan giao tuyen ciia mSt phing (ADJ) va mat ben (SBC) ciua hinh chop 

2 

S.ABCD la doan PQ c6 dp dai — b 

3 

b) Tuang tir dp dai doan giao tuyen ciia m$t phing (BCI) va m^it bem (SAD)) cua 

2 

hinh chop S.ABCD la do^in RS c6 dp dai — a 


IL Dypg to4n 2: Chumg niinh hai dvtimg th&ng song song _ 

Phtromg phdp: Ngoai cac phuang phap da biet trong hinh hpc phamg ta c<6n cc 
the six dyng cac phirong phap sau 

• Chung minh chung ciing song song vai duong thing thu ba 

• Su dyng ti'nh chat: Hai m|t phing phan bi^t Ian lugrt chua hai duong ithinji 
song song thi giao tuyen cua chung cung song song voi hai duong things ay 

• Dung djnh li ve giao tuyen cua ba ni$t phSng 


VDl: Cho tu dign ABCD. Goj I, J Ian lugl la 
trgng tarn cac tarn giac ABC va ABD. Lay P tren 
c^nh CB, m^t phing (JIP) cit DC tai Q. Chung 
minh UZ/PQ 

Giai 

Ggi E la trung diem cua AB ta c6 ' 

IJ va CD cung thupc mp(CED) 
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I ai {U (linli cliat tion^: lanU 

l( 11) 3 

1 liiiio. canh 1 ( . J thuoc caiih I I) 

:• IJ (!) 

(I.ll*) (iU D) (,)l* 

IJ W) 

(\cin liiih 5 i ) 

V'!)2: 1 1)> hinli chop S /\IK l)coda\ ABC I) la hinh binh hanh. (ioi M. N. W (,) Ian 
lupt iiamlren cac canh HL , SC . SI). A[) sao cho MN V BS. NP Cl). M(,) / C i) 

a) C hrng ininli S A !H^ 

b) ( io K la giao ilicm cua MN \a [’(,). C'lurnu minh SK AI) DC 


a) m SB 


C M _ c;n 
CB ^ ^ 


M;) // AB '/ CD 


CM DQ 


NI CCD 


CB DA 
CN DP 




/ D /D 


M 

Hinh 52 


CS DS // \ / 

DQ DP / / \/ 

(I), (.). (3) cho ta -=- o '-*-Y 

DA DS R M C 

=> PC // SA (xem Hinh 52) H*"** 52 

b) Rcrang SK la giao tuyen cua hai m^t piling (SBC) va (SAD) 

Ui d) BC c (SBC), AD c (SAD), BC // AD 

Vay ^K // AD // BC 

III. D^n; to^n 3: Xac dinh thiet difn cua m^t ph^ng va hinh chop 


Phiraig phdp: Xac djnh tirng doan giao tuyen ciia mSt phSng va cac mSt cua 
hinh cho). iSIoi cac doan giao tuyen ta dugc da giac, la thiet di^n can xac dinh 


VD: iho lir di^n ABC'D c6 cac canh bang A * 

nhau vab^ng 6a. I. J Ian liRrt la trung diem / \ ^ 

cua AC va BC. K la diem trC'ii canh BD vai / I \ 

KB - 2KD / / 

a) Xic dinh thiet dicn cua ti'r dien v^IJK) / / ^ " 

b) riih diC'ii tich cua thiet di^n / 

Giai ® t 'T\ ^ y/D 

a) Kc> dai JK cAt CD tai T. Noi TI c5t AD \/^^l 
tai M (xim Hinh 53) jX / 

Thieldi^n la tu giac IJKM \jx 

Vi IJ / AB nen IJ // AB // KM 
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Vay IJKM la hinh tliang 
Ta chirng minh IM = JK 
BJ = Al- 3a 


BK = AM-4a 
ZJBK = ZIAM = 60" 
r:>AJBK = AIAM=>IM = JK 
Vly thiet di^n la hinh thang can IJKM 
b) Ap dyng djnh li Cosin cho tarn giac AIM ta c6; 
IM^ = Al^ + AM- - 2AI.AM.COS60" 

= 9a^+ 16a-- I2a-= 13a^ 

=> IM = a VTs 

Gpi H, S la hinh chieu vuong goc cua M, K len IJ 
IJ = 3a, MK = 2a 


M K 



Hinh 54 

(xem Hinh 54) 


IH = SJ= -(1J-MK)= - a 

2 2 

Ap dpng djnh 11 Pitagor cho tam giac vuong IMH ta c6: 
MH = VmI^-IH^ = 

2 


S(IJKM) = MH. — ---- 



CAU HOI TRAC NGHI(M 

Cfitt 1: Trong cac khing djnh sau, kh3ng djnh nao dung, khing djnh nao sail? 

(A) Hai duong thing cheo nhau thi khong c6 diem chung Z dung, IJ sai 

(B) Hai duong thing khdng c6 diim chung thi chdo nhau dung, I ) sai 

(C) Hai ducmg thing phan bi^t khong song song thi chdo nhau dung, f i sai 

(D) Hai duong thing phan bi?t khong cat nhau, khong song song nhau thi ch«eo nhau 

I I dung, I ] sai 

Cfiu 2: Cho hai duong thing cheo nhau a va b. 

Chpn khing djnh sai trong cac khing djnh sau; 

(A) a va b khong co diem chung 

(B) a va b khong ciing thupc mpt mjt phing 
(fc) Co nhieu duong thing cit ca a va b 

(D) Co hai duong thing c, d song song nhau va moi duong deu cit ca a va b 
Cau 3: Cho 2 duong thing song song d|. d 2 . 

(A) Neu duong thing d, song song voi d| thi d^ song song voi di, " 1 diing;, 1 sai 

(B) Neu duong thing di cit di thi d? cit d^. IJ diing;,: sai 

(C) Neu duong thing d^ vuong goc voi d| thi di vuong goc voi di ; diing;, sai 
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C au 4: Cio hinh chop S.AiK I) c6 da> AIR'D la hinh binh haiih. (iiao tu\en cua 
(SAB) va SC I)) la 

(A) i')rong thang qua S va song song vbi IX' 

(B) i)i:'rng thang qua S va song song \ bi AD 

((') Oidng thang SO vCvi () la tain cua hinh binh hanh 
(D) Oiang thang qua S va c\l! AB 

Cau 5: Clo hinh chop S.ABC D co day la hinh thang voi cac canh day la AB va C l), 
(jqi 1. J lar lu‘pl la trung dicin cua AD \ a BC va Ci la trong tarn cua tain giac SAB 
Giao tiyen cua (SAB) va (IJ(i) la 

(A) SC 

(B) Duong thang qua S va song song voi AB 

(C) Du'jng thang qua G va song song voi DC 

(D) Duong thang qua Cj va cat BC 

Cau 6: Clo tir diGi ABCD va ba diem P. Q. R Ian luirt lay tren ba canh AB. C D. 

BC. Cho ^R // AC va C(^ ^ 2QD- Gqi giao diem cua AD va (PQR) la S. C^hon 

khang din^ dung 

(A) AT -3DS (B)AD-2DS 

(C)AS=3DS (D)AS = DS 

Cau 7; Clo hinh tir dien ABC’D voi P, Q Ian lum la trung diem cua AB va CD. Goi 
R la diem lain tren cunh BC sao cho BR ^ 4RC va S la giao diem cua canh AD voi 
mSt phang(POR) Chon khang dinh dung 

(A) AS=4SD (B) AS-3SD 

(C) AS-2SD (D) AS-5SD 

Cau 8: Ck> tur difn ABCD trong do tarn giac BCD khong can. Cioi M, N Ian lugt la 
trung dien cua AB, CD va G la trung diem cua doan MN. Goi A| la giao diem ciia 
AG va (BCD). Chpn kh^ng dinh dung 

(A) A, a tarn dirong iron ngoai tiep tarn giac BCD 

(B) A, a tarn dirong tron noi tiep tarn giac BCD 

(C) AI a tri^c tarn tarn giac BCD 

(D) A I a trong tarn tarn giac BCD 

Cau 9; Clo tu di^n ABCD. Cioi I, J Ian lirtyt la trying tarn cac tarn giac ABC va 
ABD. Chpi khang djnh dung 

(A) IJ S)ng song voi CD (B) IJ song song voi AB 

(C) IJ dieo CD (D) IJ cat AB 

Cau 10: Cho hinh chop S.ABCD day la hinh thang voi day Idn AB day nho CD. 
Ggi M, N Ian lupt la trung diem cua SA va SB. Goi P la giao diem cua SC va 
(AND). cat DP tai I. SABI la hinh gi? 

(A) Hirh binh hanh (B) Hinh chir nhat 

(C) Hirh vuong (D) Hinh thoi 

Cau 11: Cio hai dirong thang cheo nhau a, b va diem M o ngoai a va ngoai b. Co 
nhieu nhatbao nhieu dirimg thang qua M cat ca a va b? 

(A) I (B) 2 (C) 0 (D) Vo so 
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Cau 12: Trong khong gian cho 3 dirang ihang a. h. c clico nhaii lung doi. C o nhi 
nhat bao nhieu dirong thang cat ca ba dirdng tliang a\'.’ 

(A) 1 (B)2 (C)0 (D)Voso 

Cau 13: Cho hinh chtSp S.ABCD, day ABCD !a hiiih thang v6i da> Wm A B ^ 3C 
Goi I. J Ian lirgt la triing diem ciia AD va BC. G la trong tarn cua tarn giac SA 
SDC la tarn giac can tai S. Thiet dien cua (IJCi) va hinh chop S.ABCD la 

(A) Hinh thang (B) Hinh binh hanh 

(C) Tlt giac khong phai hinh thang (D) Hinh chu nhat 
Cau 14: Cho hai hinh vuong ABCD va CDIS khong tinipc mot tnat ph;Ang va 
canh bang 4. Biet tarn giac SAC can tai S. SB = 8. Thiet dien cua inpKAC I) va hi 
chop S.ABCD c6 dien ti'ch bang 

(A)6^/2 (B)8V2 (C)10V2 (D)9V2 


TRA LOfl 
Cau I: 

(A) Khjng djnh dung 

(B) Khdng djnh sai. Phat bieu dung nhu sau; Hai dinVng thang klidnig c6 di* 
chung thi song song hoac cheo nhau 

(C) Khing djnh sai 

(D) Khdng djnh dung 
Cau 2: (D) 

Ciu 3: 

(A) Khing djnh sai (B) KhSng djnh sai (C) Khing (djnh du 

Cau 4: Ta c6 

S e (SAB) n (SCD), AB c (SAB), CD c (SCD) va AB // CD 

V|y giao tuyen ciia (SAB) va (SCD) la dudmg thjng qua S va song soing v6i ( 

BS: (A) (xem Hinh 55) 



D C 

Hinh 55 


S 
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C an 5 : i\c‘m I iinli > 61 

K6 rnig (* », ( SAH) {IJ( i) 
l.iii . > Aii IJ 

Ncn I'vdo Ui>Oil cua (SAii) \ ;i (1J( I» ia dtrong lliaiig (jtia (i va song song \ (Ti I X 

f)S: ( ) 

Can (k 

Vi PR //AC ncii QS AC 

Vay S la giao dicin ciia AD \a dtrotig lliang qtai i) \a song song voi PK 
i heodjnli li l alct ta AS - 2SD lia> .AD iDS 

OS: .A) 

Cau 7: (seni I linli 57) 

Ndi OR cal IVi) tai S. nui SP cat AD tai S. S la giao diem cua AD va (IX^R) 
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Bl ^ 
AM3 
.ai do 2BI = BN 
JiN ^ 3 
A’B 2 


Hay; 


Nen 


1 BI 

* 4 '^ A'B 


3 

4 



I) 


S 


Vay A la tiong tam tarn giac BCD 

DS: (D) 

Cau 9: (xem Hinh 59) 

Goi E la trung diem cua AB ta c6 
IJ va CD cung thupc mp(CED) 

. ■ . El EJ 1 , , . X 

Eai do: -=- = — (tinh chat trong tam) 

EC ED 3 

I thuQC canh EC. J thuoc canh ED 
rr> IJ //CD 

DS: (A) 

Cau 10: (xem Hinh 60) 

Goi E = AD BC, P = NE n SC 
=:>P = SCn(AND) 

Vi SI = (SAB)n(SCD) 

Ma; AB // CD 
^ SI // AB //CD 

Vi NM la duang trung binh cua 
A S AI va ASAB 
ri>Sl = AB 

Vay SABI la hinh binh hanh 
DS: (A) 

Cau 11: Day thyc chat la bai toan dung 
hinh trong khong gian (xem Hinh 61) 

Duong thing qua M va cat a va b la 
giao tuyen cua mp(a, M) va mp(b, M) 

Vi hai mat phang noi tren la phan biet 
va CO mpt diem chung nen chi c6 nhieu 
nhat mpt giao tuyen 
DS: (A) 

Cau 12: 

Voi moi diem M tren a theo bai toan 11 c6 mot dirong thang qua M va cat b, c 
(c6 nghTa la duong thang nay cat ca ba duang thang a, b. c) 

Vi M lay tuy y nen co c6 v6 so duang thang cat a, b, c 

DS: (D) 



Hinh 60 
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('All 13: (\cni Uinli 62) 

{I.Ki) \a (SAB) CO diem cluing (i 
1.1 ^ (l,l<i). ABc (SAB). IJ //Ali 
: (jiao lu\cn ciia (IJCi) va (SAB) la 
diroui^ ihfing d qua Ci \a song st'jng \oi Ali 
(joi VI, N la giao diem cua d voi SA va SB 
I hiet dieii la hinh lhang IJNM 


I a CO IJ 


AB + C I) 

^ - - 2C’D 

o 


riico dinh ii l alet; 


MN 

AB ”* SK 



9 

=9MN - - AB-2CD 

3 


s 



Vay IJNM la hinh binh lianh 
DS: (B) 

Cau 14: (xem Hinh 63) 

Goi K. la giao diem cua Cl va DS 
T'hiet dien cua mp(ACI) va hinh 
chop S. XBCD la tarn giac ACK 
ASAD-ASDC(c-c-c) 

=> AK-CK 

Vay ACK can tai K, c6 trung tuyen 
KO con la dircmg cao 
kO-0,5SB-4 

AC = 4V^ 

=> S KAC) = 0,5.KO.AC = 8 V2 

DS: (B) 



Hinh 63 
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§3. DlJOfNG THANG SONG SONG V6l Mi^T PHANG 

TOM tAt LI THUYfcT _ 

I, Vj tn tircyng^oT: 

Cho dirong lhang d va mat phang (a), ta c6 ba vj tn tuang dot nhu sau:: 

1. d va (a) cat nhau tai M. ki hieu d n (a) = M 

2. d song song vai (a), ki hieu d // (a) hoac (a) // d 

3. d n^m trong (a), ki hi^u d c (a) 

II. Ti'nh chat: 

1. Neu duong th^ng d khong nam trong m$t phang (a) va d song son^g g vai 
dirong thang d| nkm trong (a) thi d song song vdi (a) 

2. Cho dirang thing d song song vai mat phing (a). n4u in|t phing 0) cththura d 
va cit (a) theo giao tuyen d( thi di song song vai d 

3. Neu hai mat phang phan bi^t cung song song vai mpt dudng thinig thii g giao 
tuyen cua chung cung song song vai duang thang do 

4. Cho hai duang thing cheo nhau. Co duy nhat mpt phing chiua dJuJuang 
thang nay va song song vai duang thang kia 


CAC DANG TO AN CO BAN 

I. Dang toan I : Chung minh duotig thing song song vd^ ni|t phing 

Phuoiig phap: Churng minh duang thing do khong thuQC mit phinig vai a song 
song voi mot dudng thing nao do thupc mit phing do__ ■»- 

VD: Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh. GqI M, N Ian Bulugt 
la trung diem cac c^nh AB, CD 

a) Chung minh MN song song vdi (SBC) va (SAD) 

h) Gpi P la trung diem cua SA. Chung minh SB, SC deu song ^bng vati (MINNP) 


Giai 




a) R5 rang MN // BC, (SBC) 3 BC, MN cr (SBC) 
Vivay MN//(SBC) 

Chung minh tucmg ty MN // (SAD) 

b) Theo ti'nh chat duang trung binh thi SB // MP 
Mit khac MP c (MNP), SB a (MNP) 

Vi vyy SB // (MNP) 

Gpi O la tarn cua hinh binh hanh ABCD 
Theo tinh chat cua dudng trung binh ta 
CO SC // PO 

Mat khac PO c (MNP), SC cz (MNP) 

Vi vay SC // (MNP) (xem Hinh 64) 



Hinh 64 
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IL Dang loan 2: Thiet dien song song vcVi mot dtWrng thaiig 

phdp: Thiroiig sir clung djnh li sau: C'ho dirong tiiang a song song voi 
mat phing (P). Neu mat phang (Q) dura duong lhang thang a \a cal (I*) thco giao 
tuyen b ihi a // b 

VDI: i ho hinh chop S.ABCD vcVi ABCD la hinh thang da\ Idn AI). M, N Ian liro1 
la hai trung diem cua AB va CD. (P) la mat phang cjiia MN va chx md ben SfK' 
thco mat do^in giao tuyen. Xac dinh thiet dien cua (P) va hinh chop 


Giai S 



CAD H3I TRAC NGHIEM 

Cau 1: "ho duemg th^ng a va mp(P) trong khong gian. Co bao nhieu vi tri tircmg 
doi cua I va (P) 

(A): (B) 3 (C) I (D) 4 

Cau 2: Jho hai duong thang phan bi?t a va b cung song song voi mp(P). Co bao 
nhieu vitri tuemg doi cua a va b? 

(A): (B)3 (C)l (D)4 

Cau 3: '.’ho iTip(P) va hai diamg thang song song a va b. Chon khang djnh dung? 

(A) heu (P) song song veVi a thi (P) cung song song \oi b 

(B) heu (P) cat a thi (P) cung cat b 
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(C) Neu (P) chira a thi (P) cung chira b 

(D) Cac kh^ng djnh a (A). (B), (C) deu sai 

Cau 4: Cho hai dirang thang cheo nhau a, b. Chpn khSng djnh sai? 

(A) Co duy nhat mot mat ph^ng song song voi a va b 

(B) Co duy nhiit mot mat phang qua a va song song voi b 

(C) Co duy nhat mpt mjt phing qua diem M cho trirac va song song voi a m va 
ho$c chua mpt trong hai ducmg thang nay 

(D) Co v6 so dirong th^ng song song vai a va cat b 

Cau 5: Trong cac dieu ki?n sau, dieu ki^n nao ket lu$n hai ducmg thSng a, b S) son 
song nhau 

(A) a // c va c // b (B) alcvablcvaa^b 

(C) a// mp(P) va b // mp(P) va a # b (D) a // (P) va a // (Q) va b == (P) o (QQ) 

Cau 6: Cho tu dien ABCD. Gpi M, N, P, Q, R, S theo thur tvr la trung diemm cii 

c^nh AC, BD, AB, CD, AD, BC. Bon diem nao sau day khong dong phijng? 

(A) P, Q, R, S (B) M, P, R, S 

(C) M, R, S, N (D) M, N, P, Q 

Cau 7: Cho tu dipn ABCD. Goi G la trong tarn cua tarn giac ABD, Q thuoc c can 
AB sao cho AQ = 2QB, P la trung diem cua AB. Chpn khSng djnh dung? 

(A) GP // (BCD) (B) GQ // (BCD) 

(C) GQ cii (BCD) (D) Q thupc m$t phSng (CDP) 

Cau 8: Cho hai hinh binh hanh ABCD va ABEF khong cung nkm trong motot m: 
ph^ng. Gpi O, Oi la tarn cua ABCD va ABEF, M la trung di4m cua CD. C Che 
khSng djnh sai 

(A) 00, II (BEC) (B) OO, // (AFD) 

(B) 00, // (EFM) (D) MO, cii (BEC) 

Cau 9: Cho hinh chop S.ABCD day la hinh binh hanh. Giao tuyen ciia mp(S(SAr 
v^ mp(SBC) la ducmg thing song song vai ducmg thang nao sau day? 

(A) AC (B)BD (C)AD (D) SC 

Cau 10: Cho tu dipn ABCD. Gpi I, J Ian lupt thupc c^nh AD, BC sao chto lA = = 211 
JB = 2JC. Gpi (P) la m$t phing qua IJ va song song vdi AB. Chpn khSng dimh dunung? 

(A) (P) // CD (B) CD cit (P) (C) IJ II CD (D) IJ II AB 

Cau 11: Cho hinh chop S.ABCD vai ABCD la hinh thang day 1cm AD. M, T N U 
lupt la hai trung diem cua AB va CD. (P) la m$t phing qua MN va cit m^njt be 
SBC theo mpt do^n giao tuyen. Thiet di?n cua (P) va hinh chop la 
(A) Hinh binh hanh (B) Hinh thang 

(C) hinh chu nh^t (D) Hinh vuong 

Cau 12: Cho tu dipn ABCD, diem M tren c^nh BC. mp(P) qua M somg son.ong v 
AB va CD. (P) cii BD, AD, AC Ian lupt t^i N, P, Q. MNPQ la hinh gi? 

(A) Hinh thang (B) Hinh binh hanh 

(C) Hinh chu nhat (D) Hinh vuong 
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Can 13:C ho tir dicn AlUd) (iv)i L .1 Ian luol liiiidc '-'aiih AI). B(' sat) ulio I A 211). 
.IB 2.H . (loi (IB la inal pliang qua 1.1 va soiig stuig \oi Alh I liicl tiicn cua (IB \a 
lir dicn \B( I) la 

(A) I mil ihaiig (B) llinh hiiih hauh 

((') l inli lain giac (D) I am giac deu 

Can 14; C’iio hinh cliop S.AIK'I) co d;iN la hiiih hinh hanh AIK'I) tarn (). (ioi M 
la diem luioc canh SA (khong irung \(Vi S lu>ae A). (IB la nnil phaug qua OM \a 
sting stag \tVi AI). I hict dien cua (IB \a hinh chop la 

(A) I'inh hinh hanh (B) llinh lhang 

(C) hinh chCr nhat (D) I linli tain giac 

Cau 15 Cho tiV dien deu ARC'D canh a - 3. Ciqi O ia lam dimng Iron ngoai liep 
tain giat BCI^. (ioi (P) la mat phang qua AO \a song song vdi RD. Cigi M. N la 
giati dien cua (P) vdi IK \i\ C D. Do dai cua AM bang bati nhieir.^ 

(A) '7 (B) 3 (C) V6 (D)2 

Call 16 C'ho ba dirong thang clicA) nhau lirng ddi a. b. c. (igi (P) la mat phang qua 
a, ((!?) li mat phang qua b sao cho giao tuyen cua (P) va (Q) song song vdi c. Co 
nhieu nhU bao nhieu mat phang (P) va (0) ihoa man \cu can Iren? 

(A) Mot mat phang (P). mol mat pliang(Q) 

(B) Mot mat phang (P). \6 so mat phang (O) 

(C) Mot mat phang (Q) va vd so mat phang (P) 

(D) 6 so mat phang (P) va (Q) 


TRA i;>i 
Cau 1: B) 

Cau 2: B) 

Can 3: B) 

Cau 4: A) 

Cau 5: 

(A) ■'if a // c va c // b ta suy ra a // b ho^c a = b 

(B) -if a 1 c va b ± c va a ^ b ta chi suy ra a va b khong cd diem chung (song 
song hoic cheo nhau) 

(C) "u a // mp(P) va b // mp(P) va a b ta c6 tat ca cac vi tn' lircmg ddi cua a va b 

DS: D) 

Cau 6: xem Hinh 67) 

The< tinh chat ciia dudng trung binh cua tarn giac ta cd 
P> // AC // OR 
VayP. 0. R* S dong phang 
PM // BC // NO 
VayP, M, N, 0 dong phang 
NR//CD// SN 
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A 


Vay M, R, S, N dong phang 

DS: (B) 

A 



B 

Hinh 67 


Cau 7: (xem Hinh 68) 


AG _ AQ 
GM ” QB 


=> GO // BD 


* 



C 

Hinh 68 


Lai do BD c (BCD). Nen GQ // (BCD) 

DS: (B) 

Cau 8: (xem Hinh 69) 

Vi 00| la duong trung binh cua tarn giac 
ACEnenOO, //EC(I) 

Tuoaig t^^ 00| la duong trung binh ciia 
tarn giac BED nen 00| // FD (2) 

Vay 

00| //(BEC) (do(l)) 

OO, // (AFD) (do (2)) 

OO,//(EFC) (do(l)) 

Chuyrang(EFC)=^(EFM) 

DS: (D) 

Cau 9: (ban doc tu vc hinh) 

Vi (SAD) va (SBC) c6 diem chung la S 
Trong (SAD) chira AD, trong (SBC) dura BC, ma AD // BC nen 
Giao tuyen ciia (SAD) va (SBC) la dirong thang di qua S \a song somg vai AD 

DS: (C) 


D C 



F E 

Hinh 69 
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C'au 10: (\cm Hiitli 70) 

I a citi can \ot khang dinli (A) va (H) 

Cjoi H la giao diem cua AC va (P) 

(!’), M AHC) ' JH. AB c (ABC), AB // (P) 
- Jll//Ali 

Thcti dinh li Talct ta c6: 

HA ^ 2 
JC HC 
!!A lA 
H(’ ]d 
Va\ HI // CD 



=:.CD//(P) 

DS: (A) 

Cau 11: (xem Hinh 71) 

MN la dircTiig trung binh cua hinh thang 
ABCD ntMi NM // BC 

Goi f’Q la doan giao tuyen cua (P) va 
mat SBD, ta c6 PQ // BC // MN 
Va\ MPNQ la hinh thang 
DS: (B) 


Hinh 70 

S 



Hinh 71 


Can 12: (xem Hinh 72) 

Vi: 

(P) 7 AFi. (ABC)3 AB, 
(A[?C)n(P)= MQ 
VayMO//AB (1) 

Chirag minh tirang tu ta c6 
NP,'AB (2) 

(l)\a(2) MQ//NP 
Cunz clu'rng minh tirang tu ta c6 
MN C PQ 

Vay MNPQ la hinli binh hanh 
DS:(B) 

Cau 13: (xem Hinh 73) 


A 



Hinh 72 


Gia iir (P) cat cae mat ciia tir dien (AFiC) va (AFiD) then hai doan giao tuyen JH 
va IK 
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Ta c6: 

(P) (ABC) = JH. (P) o (ABD) = 
(ABC) o (ABD) = AB, (P) // AB 
loJH//AB//IK 
Theo djnh li Talet ta c6: 

JB HA , 


A 


IK 


=> 


JC 

HA 


HC 
_IA 
’ ID 


HI//CD 


HC 

=>CD//(P) 

V^y (P) cat cac mat (ABC) va (ABD) theo 
hai doan giao tuydn IH va JK vai IH // JK 
Vay JHIK la hinli binh hanh 
DS: (B) 

Cau 14: (xem Hinh 74) 

Vi (P) song song vai AD nen (P) cat hai 
mat phang (SAD) va (ABCD) theo hai giao 
tuyen MN va QP song song vdi AD 

Lai do MN la dirang trung binh ciia tarn 
giac SAD nen AD = 2NM 
Ma AD = OP nen QP = 2MN 
Vay thiet di?n la hinh thang 
DS: (B) B 

Cau 15: (Xem Hinh 75) 



C 

Hinh 73 



Hinh 74 


Vi (P) // BD, BD c (BCD), (P) n (BCD) = MN 
^ MN // BD 

Tam giac BCD deu nen O con la trpng tarn. Goi K la trung diem BD. 

Ta c6: CK = 3KO 

Theo djnh li Talet BC = 3BM 

V^y BM = DN = I =1 

Ap dyng djnh li Cosin cho tarn giac ABM ta c6: 


AM^ = AB’ + BM- - 2AB.BMcos60” = a + 

Vay AM = -Jl . 

DS: (A) 


a' 


7a- 


= 7 
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A 



C 

Hinh 75 


Cau 16: Da\ la bai loan dirng hinh, tir each dmig stiy ra so mat phang (P) va (Q) 
Dung mp(P) qua a va song song veri c, v i a. c cheo nhau nen c6 dLi\ nhat mp(P) 
Dung mp(Q) qua b va song song vai c. \ i b, c cheo nhau nen cb du\ nhat mp(0) 
Giao tuyen (neu c6) ciia (P) va (Q) song song veri c 

DS: (A) 





§4. MAT PHAlNC; SONG SONG 

t6iV1 tat LI THUYET ____ 

I. Djnh nghia: Hai m$t phang (P) va (Q) gpi la song song vai nhaiu nctu chung 
khong CO diem chung, ki hipu (P) // (Q) 

II. Tinh chat; 

1. Neu mat phang (P) chira hai dirong thSng cat nhau a, b va hai (dironig thing 
nay song song vai mM phing (Q) thi (P) song song vdi (Q) 

2. Qua mot diem nim ngoai mot mSt phing cho trirac c6 mpt va chi imot m$1 
phang song song vai mSt phing da cho 

3. Neu duang thing d song song voi mat phang (P) thi trong (P) cr3 mo>t duan^ 
thing song song vai d va qua d c6 duy rrhat mot m$t phang song song v ai (IP) 

4. Hai mat phing phan biet cung song song vdi mat phing thu ba thi son g sonig nhau 

5. Cho diem A khong nim trong mSt phang (P). Mpi daorng thang di qiua A vf 
song song vai (P) dku nim trong mat phang di qua A va song song (P) 

6. Cho hai mat phing song song nhau. Neu mot m$t phing cat mat phiing na\ 
thi phai cat m§t phang kia va hai giao tuyen tuang ung song song nhau 

7. Hai mat phang song song chin tren hai cat tuyen song song nhirng dojan thin^ 
bang nhau 

8. Dinh li Talet: Ba mSt phang doi mot song song chan tren hai cat tuyam bat k 
nhung doan thang tuang ung ti Ip 


CAC DANG TOAN CO BAN 

L Dang toan 1: Chung minh hai m^t phing song song nhau _ 

PhiTOTg phap: Co the sur dyng hai each sau: 

• Chung minh chung phan bipt va cung song song vai mjt phang thu ba 

• Chung minh trong mat phing nay chua hai duang thing cit nhau cuing son^ 
song vdi mhi phing kia 

VD: Cho hinh ch(Sp S.ABCD day la hinh binh 
hanh ABCD tarn O. Gpi M, N theo thu tu la trung 
diem ciia SA, SD. Chung minh (MON) // (SBC) 

Giai 

Ta chung minh (MON) // (SBC) (xem Hinh 76) 

MN la dudng trung binh cua tarn giac SAD nen 
MN//AD 

Ma AD U BC, nen MN // BC (1) 

Tuang tu 

NO//SB (2) D 

(1), (2) va do SB cal BC nen (MON)''/ (SBC) Hinh 76 
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11. Dan}" loan 2: Chirnj]; miiih dinVng thiing song song \ oi mat |)liang 

F’hiro’tig phap: (O the sir clung htii cacli sau: 

• ( 'hung ininh du'erng thang do khong lhuo» mat |ihang \a song song \oi mol 
diicrng thang nao do ihuoc mat phang do ( sem phan diroiig thang sonu song 
voi mat philng) 

• t 'hirng minh dirong tltang do thu('c im'il mat ['thang khac song song xoi mat 
phang dS cho 


VDl: Clio hinh chop S.ABCI) co da_\ ABC!) la hmh hmh haiih. (/cu Ct la trong tarn 
cua tain giac SAB \a I la trung diem cua AB. I.a\ diem M Iren doan Al) sao cho 
AD = CAM. l ir M ke duoiig thang song song \c'vi IX' eat 1C tai N 


a) {-'lu'rng mmh N(i ' (SCI)) 

b) Clurim minii VKi (S( D) 


(liai 


a) Ta ccS 


IN AM 1 


(I) 


IC AD 
(Do AI // MN // DC) 

Theo tinh chat cua trcing tarn ta cc'i (\em Hinh ~’l) 

IG 1 ^ 

— = - ( 2 ) 

IS 3 

IN IG 

(I) va (2) ro — = — lO NG // SC 

IS 


A M 


D 


G 


N 


C 


IC 

=>NG//(SCD) 

b) Xet hai mat phang (MNG) va (SCD) 

MN // CD, NG // SC (MNG) // (SCD) 

Lai do MG c (MNG) MG i! (SCD) 

VD2: Cho ti'r dien ABCD. Ggi I. J la hai diem di dong Ian lugt tren hai canh AD, 


Hinh 77 


BC sao cho 


]A _£B 
]d ~ JC 


. Chirng minh IJ liion song song voi mot mat phang c6 djnh 


Giai 


Qua 1 ve IH // CD (*), H thugc canh AC (xcm Hinh 78) 

HA lA 


. A 


HI 


Theo dinh li Talet: 


HC ID 


Ma; 




_IA 

ID 

HA 

HC 


JC 

JC 


B 


K 


D 


HJ //AB(**) 


C 


Hinh 78 


Gpi (P) la mat phang qua AB va song song voi CD, (P) la mat phang cd djnh 
(♦), (*Dsuyra(IJH)//(P) 

IJ / (P) 


93 



111. Dang loan 3: Thiet ciicn cua mat phang (P) va hinh chop, biet (P) sor 
song voi mat phang (Q) cho truro'c 

PhiTtfng phap: Sir dyng cac ket qua sau: (P) // (Q) suy ra (P) song song \(Vi t 
ca cac dirang thang thuQC (Q) 

Thirc hanh nhu sau: Tim trong (Q) dirang thang d (da c6), vi d // (P), nen (P) c 
tat ca cac mat phang chura d theo cac giao tuyen song song (hoac trung) voi d 

VD; Cho hinh chop S.ABCD day la hinh binh hanh lam O. SDB la tarn giac de 
Mpt m§t phang (P) song song vai (SBD) va qua diem 1 thupc canh AC (khor 
trung vai A hoac C). 

a) Xac dinh thiet di^n cua (P) va hinh chop 

b) Cho I la trung diem cua OA, ABCT la hinh chu nhat vai AB " T BC = 
Tinh di^n ti'ch cua thiet di^n ciia (P) va hinh chop 


Ciai 

a) (xem Hinh 79) 

Gpi MN la doan giao tuyen cua (P) va mat 
day ciia hinh chop 

Vi (P) // (SBD), (P) n (ABCD) = MN, 
(SBD)n(ABCD) = BD 

=> MN // BD 

Li luan tuang tu ta c6 (P) cSt m$t (SDA) 
theo doan giao tuyen NP vai NP // SD 

(P) cki m$t (SAB) theo doan giao tuyen MP 
vaiMP//SB 

Vay tarn giac MNP dong dang vai tarn giac 
SBD nen tKiet di?n la tarn giac deu MNP 

b) BD = VaB^ +BC- = 5 


S 



Hinh 79 


S(SBD) = - SB.SD.sin60® = 

2 4 

Vi APMN dong dang ASBD, nen 

S(PMN) _ PM 1 

S(SBD) SB ^ 4 

S(PMN) = 

16 


CAU HOI TRAC NGHI$M 

Cau 1: Trong cac dieu kipn sau, dieu kipn nao ket luan dirang thing a siong so 
vai mp(P)? 

(A) a // b va b c (P) 

(C) a // mp(Q) va (Q) // (P) 
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(B) a // b va b // (P) 
(D)ac(Q) va (0)//(P) 





(Tui 2: i oiiu ci c iiicnh dc sau. incnh dC* nao dung, menu dc nao saiV' 

(A) I Id null phang idian bicl cung song stMig voi inpi duong ihang thi sruig song nliau 

dung. sai 

(!i) I io mat phang cung st>ng song vdi mot mat phang thir ba thi song stnig nhau 

dung. sai 

(C ) [hi mat phang song song, bat ci'r dirang thang nao cal mot mat phang thi 
plio cat mat phang con lai dung, sai 

( all 3: 1 ong cac menh tic sau. menh de nat> dung, menh dc nao sai ? 

(A) N.li hai mat [^hang song scnig, dirdng thang nam trt)ng mot mat phang tlii 
soig song vdi mat pliang con lai dung. sai 

(H)f Ntu hai mat phang song .song thi moi dirang thang nam tren mol mat phang 
del semg song \di bat ki dirang thang nao nam iren mat phang con lai 

dung. sai 

((') M;i mat pliang phan bict cung di qua hai dirdng thang song song thi song 

soiu nhau dung. sai 

(I>) N:u mol mat phang cal mot trong hai mat phang song song thi cal mat 
phaigcdnlai dung. sai 

Can 4: T ong khdng gian cho hai mat phang, c6 may vi tri tirong doi cua hai mat 
phang ua}? 

(A) 2 (B)3 (C)4 (D)l 

Cau 5: Trsng cac dieu kien sau, dieti kien nao ket liian mp(a) // mp(py'’ 

(A) (a // (y) va (P) // (y) ((y) la mat phang nao do) 

(B) (a //a va (a) // b vdi a, b la hai dudng th^ng phan bi^t thuoc (P) 

iO (a // a va (a) // b vdi a, b la hai dirdng th^ng phan bi^t cung song song vdi (P) 

(P) (a // a va iftx) // b vdi a, b la hai dirdng thang c4t nhau thuoc (P) 

Cau 6: Trong cac menh de sau, tim m^nh de dung 

(A) Neu (a) // (P) va a c: (a), b c (P) thi a // b 

(B) Net (a) // (P) va a c: (a), b c (P) thi a va b cheo nhau 

(C’) Net a // b va a c (a), b c (P) thi (a) // (P) 

(D) Net (y) n (a) = a, (y) n (P) = b va (a) // (p) thi a // b 

Cau 7: Tr>ng cac kh^ng dinh sau, kh^ng djnh nao dung, khdng djnh nao sai? 


(A) Hiih hop la mot hinh lang try 

' ' dung. 

; i sai 

(B) Hiih Icing tru co tat ca cac mat song song 

i ' dung. 

sai 

(C) Hiih lang try c6 tat ca cac mat ben bdng nhau 

L: dung. 

: sai 

(D) Hiih lang try c6 tat ca cac mit ben la hinh binh hanh 

i j dung. 

] sai 


Cau 8: Cio hai mat phang song song (a) va (P), dudng thang a // (a). Co may vj 
tri tuang (6i cua a va (P)? 

(A) I (B) 2 (C) 3 (D) 4 
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Cau 9: Cho hinh chop S.ABCD day 1^ hinh binh hanh ABCD tarn O. (loi M, N. 1 
theo thu tu la trung diem cua SA, SD va AB. Chpn khdng dinh dung? 

(A) (NOM) ck (OPM) (B) (MON) // (SBC) 

(C) (PON) o (MNP) = NP (D) (NMP) II (SBD) 

Cau 10: Cho hai hinh vuong ABCD va ABEF khong cung thuoc mot mat phang 
Tren doan AC va BF Ian lugt lay M, N sao cho AM = BN. Dircrng thang song sonj 
vai AB ke tir M, N Ian lugt cM AD, AF tai Mi va Nj. Chgn khang dinh sai 


(A) (ADF) II (CBE) (B) (M,N,N) n (MNM,) = M,N 

(C) (MM,N) // (CDE) (D) AB II (MM,N) 


Cau 11: Cho hinh chop S.ABCD day la hinh binh hanh tarn O. SDB la tarn gia^ 
deu. Mgt mat phing (P) song song vdi (SBD) va qua diem I thuoc canh AC (khonj 
trung vai A ho$c C). Thiet dign cua (P) va hinh clu); ' hinh gi ? 

(A) Flinh binh hanh (B) Tam giaL can 

(C) Tam giac vuong (D) Tam giac deu 

Cau 12: Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh. Cn>i ^ D 
tren canh SB. Thiet dien cua mat phang (ADM) va hinh chop S.ABCD la hmli 
(A) Tam giac (B) Hinh thang 

(C) Hinh binh hanh (D) Hinh chu nh^t 

Cau 13: Cho hinh chop S.ABC vai day la tarn giac ABC thoa man AB - AC = 4 
A = 30^. M^t phang (P) song song vdi (ABC) cat doan SA tai M sao cho SM - 
2MA. Di^n ti'ch thiet di^n cua (P) va hinh chop S.ABC bang bao nhieu? 


(A) 


16 

9 




(D)l 


Cau 14: Cho hinh chop S.ABCD vai day ABCD la hinh thang can vdi bei 
BC = 2, hai day AB = 6, CD = 4. Mat phang (P) song song vdi (ABCD) va ca 
canh SA t^i M sao cho SA - 3SM. Di^n tich thiet dien cua (P) va hinh ch6| 
S.ABCD bang bao nhieu? 


(A) 


5V3 


(B) 


2V3 


(C)2 


(D) 


7V3 


Cau 15: Cho hinh chdp S.ABCD cd day ABCD la hinh binh hanh cd tarn O, AB = 8 
SA = SB = 6. (P) la mat phing qua O va song song vdi (SAB). Thiet di|n cua (P 
va hinh chdp cd di^n tich bang 

(A) 5 Vs (B)6V5 (C)I2 (D)13 

Cau 16: Cho hinh iSng try ABC.A|B|C|. Trong cac khing djnh sau, khdng djnl 
nao sai? 


(A)(ABC)//(A|B,C|) (B) AA| //(BCC,) 

(C) AB // (AiB.Ci) (D) AA|B,B la hinh chu nhat 

Cau 17: Cho hinh hpp ABCD.A|BiCiD|. Chpn khSng dinh sai? 

(A) ABCD la hinh binh hanh 

(B) Cac dudng thSng A|C, AC|. DB|, D|B dong qui 
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(D) A DjCB in hinh chir nhat 

Cau 18: ho hinh langtru tarn giac AIK AiHiCY (ioi M, N Ian lircrl la trungdicm 
cua AA], AC'. I hict dien cua hinh lang tru va (MNB[) la 

(A) Ton giac (B) Hinh thang 

(C) 11 nh clu'r nhat (D) 1 ir giac khong phai hinh thang 

Cau ^'ho lang tru tarn giac ABC.AiB|C’i. Cioi H la trung diem cua AiB|. Mat 
phang (A iC',) song song vai dirdng thang \u\o sau day? 

(A)C:1, (B)BB, (C) BC (D) BA, 

Cau 20: .'ho hinh lang tru tir giac ABCD.AiB|C|Di. Gpi I, J, K, L Ian lugt la trung 
di4mcuaA,C,, B,[),. BD, AC. IJKL la hinh gi‘’ 

(A) T i‘ giac khong phai hinh thang 

(B) Hnh thang khong phai la hinh binh hanh 

(C) Hnh binh hanh 

(D) Hnh chu- nhat 

Cau 21; rho hinh hop ABCD.AiB|CiDi. Goi M, N; P, Q Ian luot la trung diem 
cua AB, ?('t. C|D|. AAi. Mat phang (MNPQ) song song vdri mat phang nao sau 
day? 

(A)(/,BCD,) (B)(A,BC,) 

(C)(/BCD) (D)(A,BB,) 

Cau 2 2: Cho hinh lap phirorng ABCD.A,BiCiDi. Goi M, N, P Ian lirgt la trung 
diem cut AB, CC,, CiD,. Thi4t dipn cua (MNP) va hinh lap phuomg 
ABCD.ABiCjD, la hinh gi? 

(A) Lie giac khong deu (B) Ngu giac deu 

(C) Lie giac deu (D) Ngu giac khong deu 

Cau 23: 2ho ISng try tarn giac ABC.AiBiC,. Gpi I, G, K Ian lupt la trpng tarn ciia 
tarn giac \BC, ACC*^^ AiBiC,. mp(IGK) song song vai mat phang nao sau day? 

(A) 1,3, K thang hang (B) (IGK) // (BB|C) 

(C) (UK) // (AA,B) (D) (IGK) // ((AA,CC,) 

Cau 24: ?ho hai mat phang song song (P) va (Q). Hai diem M, N Ian lupt thay doi 
tren (P) vi (0). Gpi I la trung diem cua MN. Chpn khang djnh diing 

(A) Tip hop cac diem I la duang (hang song song song va each deu (P) va (Q) 

(B) Tip hpp cac diem I la m^t phang song song va each deu (P) va (Q) 

(C) Tip hprp cac diem I la mpt mat phang cat (P) 

(D) Tip hprp cac diem 1 la mpt duang thang cat (P) 

TRALd 

C&ul: 

(A) Tr dieii kien a // b va b c (P) ta suy ra a // (P) hoac a c (PfI 

(B) Ti dieu kien a // b va b //(P) ta suy ra a // (P) hoac ac (P, • 

(C) Tf dieu kien a // mp(Q) va (Q) // (P) ta suy ra a If (P) hoac a c (P) 

PS: ()) 
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Cau 2: 

(A) Khing djnh sai 

(B) Khingdjnh sai. Phat bieu diing nhu sau: Hai mat phang ciing song s>ong vcVi 
mpt m$t phSng thur ba thi song song ho$c triing nhau 

(C) Khing djnh dung 


Cau 3: 

(A) Khing djnh dung (B) Khdng djnh sai 

(C) Khing djnh sai (D) Khing djnh dung 

Cfiu 4: Co ba vj tri tuong doi: cit nhau, song song, trung nhau 


DS: (B) 

Cau 5: (D) 

C&u 6: 

Khing djnh (A) va (B) khong dung. Phat bieu dung nhu sau 
Neu (a) // (p) va a e (a), b c (P) thi a // b ho§c a va b cheo nhau 
Khing djnh (C) khong dung. Phat bieu dung nhu sau; 

Neu aV/ b va a q (a), b c (P) thi (a) H (P) ho|c (a) cit (P) theo giao tuy/en son^ 
song vai a 

Khing djnh (D) dung 
Cau 7; 


(A) Khing djnh dung (B) Khing djnh sai 

(C) Khing djnh sai (D) Khing djnh dung 

Cfiu 8: Co hai vj tri tuomg doi 
DS:(B) 

CSu 9: (xem Hinh 80) 

Ta chumg minh (MON) // (SBC) 

MN 14 duong trung binh cua tarn giac SAD nen 
MN//AD 

M4 AD // BC, nen MN // BC (1) 

Tuomg tu 
NO // SB (2) 

(1), (2) va do SB cit BC nen (MON) // (SBC) 

DS: (B) DC 

Cau 10: (xem Hinh 81) Hinh 80 

C4c khing djnh a (A), (C), (D) deu diing. Khing djnh a (B) la sai 
Th§t v|iy, vi MM| // NN| nen 4 diem MM|NN| dong phing (xem hinh)» hay no 
c4ch khac (M|N|N) trung vci (MNM|) 

DS: (B) 
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D C 



Hinh 81 

Cau 11: (xem Hinh 82) 

Ggi MN la doan giao tuyen cua (P) va 
mat day ciia hinh chop 

Vi (P) // (SBD), (P) n (ABCD) = MN, 
(SBD)n(ABCD) = BD 

=> MN // BD 
Li lu$n tuorng ty ta c6 
(P) cat mat (SDA) theo doan giao tuyen 
NP voi NP // SD 

(P) cat mat (SAB) theo doan giao tuyen 
MP vdri MP// SB 

Vay tarn giac MNP dong dang vai tarn 
giac SBD nen thiet dien ia tarn giac deu 
MNP 
DS: (D) 


S 



Hinh 82 


Cau 12: 
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Cau 13: (xem Hinh 84) 

Ta tfnh S(ABC) 

S(ABC) = I AB.AC.sin30° = 4 

(P) cix hinh chop S.ABC theo thiet di?n 

la tam giac MNP dong dang vai ABC theo ti 

. . . MP SM 2 

so dong d^ng k = -=-= — 

AB SA 3 


2 . 2 . 


16 


VayS(MNP) = (jrS(ABC)= ^ 


S 



DS: (A) Hinh 84 

Cau 14: Ta can tinh difn tich hinh thang can ABCD (xem Hinh 85) 
DH, CK vuong goc vai AB. Ta c6 AH = BK 
=> AH + BK = 2AH = AB - CD = 2 =^> AH = 1 
Ap dyng djnh li Pitagor vao tam giac vuong ADH ta dugc: 

DH = VaD' - AH' = V3 


V4y: S(ABCD) = DH. = 5 V3 

Thiet di?n cua (P) va hinh chop la tu giic dong d^ing vdi ABCD vai h? so d6ng 

SN4 1 

dang bSng k -- = — (xem Hinh 86) 

SA 3 


Vay dian ti'ch cua thiet dian can tim bSng k^S(ABCD) = 


9 


DS: (A) 


S 




Hinh 86 
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Cau 15; 

Thieldiv'n la ti'r giac MNPQ (xcm Hinh 87). l a de dang chimg minh dugc (.\cm cau 9) 

CD 


IVN // PO va MN 


4; PQ = AB = 8 


2 2 

Ta cin tinh di^n tich hinh thang cmi MNPQ (xem Hinh 88). Ha NH, MK vuong goc 
voi PQ 

Ta cc PH = KQ PH = ^ (PQ - MN) = 2 


Ap ding djnh li Pitagor cho tam giac vuong PHN ta c6: NH = = Vs 

V^y >(MNPQ) = NH.- ^—^ = 6 Vs 

2 

DSi B) 


S 



Hinh 89 Hinh 90 








Cau 17: (D) (xem Hinh 90) 

Cau 18; (xem Hinh 91) 

Trong mp(AAiC|C), MN cat CC| tai T 
Trong mp(CCiBiB), B|T cat BC tai K 
V|iy thiet di^n can tim la tu giac B|MNK 
Ta chumg minh B|MNK khong the ia 
hinh thang, can chumg minh NK khong 
M the song song vai B|M 
Ta c6: 

N la trung diem cua AC 

TK CT 1 


B, 


Tv 




\ ' / 
\ ' / 


»/ 
K 

' » 


B 


DoCT//BB, nen 


M A \ 

/ \ K 

<-^ ^ -i- 


N', 


C 


KB, BB, 2 


■' / 

'* ' 


=> K khong phai la trung diem ciia B|T 
V|y KN khong song song voi BB| 

DS: (D) 

Cau 19: (xem Hinh 92) 

R6 rang phuong an (D) khong the xay ra (ban 
dQC t\r li lu|tn) 

Ta khao sat vj tri tuong doi ciia CB| va (AHC|) 
Gpi K la trung diem cua AB 
DI dang chumg minh AH // KBi; C|H // CK 
=>(AHC,)//(CB|K) 

L^i do CB| c (CB|K), vi v|iy 
CB, //(AHC,) 

DS: (A) 

Cau 20: DS: (C) (xem hinh 93) 

D, 


VT 


Hinh 91 




D 



Hinh 94 
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Cau 2l: (\cni Hiiih 94) 

Nliiin \ci ning AFX'iDi la hinh binh hanh. MP ia dirmig tmng hinh, vi vay MP // BC] 

1 ai cl( > Me,) ia dirmig Irung binh ciia tain giac ABA| > MQ // A\B 
Va\ ( VINI»Q)//(A,RC|) 

|)S:(B) 

Cau 22: ( vem Hinh 95 ) ' 

\'i // !)|C\ DiC 2NP (dirtrng tning 

binh) va l)|C It AdC [)|C ^ A|B (ti'nh chat ; ; 

cua hinh hop) nen PN // A] B va A|[3 - ^ > < 

2PN ^ / / 

\ i vay goi Q = (MNP) n AA) thi MQ // <' / 

AtB va vi vay AjB = 2MQ q I ! 

=> MQ // NP va MQ = NP. Vay MNPQ 
la hinh bmh hanh / ^ 

I , 

C'hirng minh tirang iir ta c6 QS // RN; 

MR V SP (\em hinh) A 

\ ay thiet dien can tim la luc giac 
MRNPSCd sail canh bang nhau 

cac goc d 



dinh being nhau va bSng 120" 

\ i AiBC'i la tarn giac deii nen ZBAiCi = 60" 
MaQM//A|B vaMR//AiC, nen ZQMR- I20" 

\ a) cac goc d dinh cua luc giac bang nhau va bang 120" 
\ a\ ihiet dien la luc giac deu 


f>S: (C) 

Cau 23: (vem Hinh 96) ^—77 

(ipi M, M| ia trung diem cua AC va A|C| Ai ^ 

Taco: I e BM,G e C,M, K eB,M, 1 ^ -; 


Theo tinh chat cua trong tarn ta c6: 



1 v' \ ‘ 

1 / .CfeZBi / 

MB MC, 3 

: '' / 

MI M,K 1 , 



MB M,B, 3 

■■ 

IK//BB 1 

■ '■ // 

\a> (1GK)//(BB|C|C) 


PS: (B) 

B 

Hinh 96 
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Cfiu 24: 

fujrp diem I la m$t phAng song song va c^h deu (P) va (Q) (xe;ni hiinli 97) 

DS: (B) 
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ChiFcyng III 

QUAN HE VUONG GOC 

§1. VEC TOTROINC; KHONC CIAN 

TOM! AT LI THUVET 

L Diiih nj'hla: Vccta troiig khong gian la mot doan thang c6 hirang. Ki hicii AB 
chi vccUT CO diem dan A diem ciioi Vecta con dime ki hieu a , \ ... 

Cac khai niem c6 lien quan den gia, do dai. sg- cimg phimng, cung hirang, su 
bang nhau ... dirge dinh nghTa tircmg tu nhir irong mat phang 

2. Phep cgng va phep tru vecta trong khong gian dugc dinh ngliTa lirong tu nhu 
trong mat phang 

Cac qui lac 3 diem cua phep cong va phep trir dugc sir dung tuong tu nhu trong 
m$t phang 

Qui t^c hinh hop: Cho hinh hgp ABCD.ABCD c6 3 canh xuat phat tu dinh A 
la AA, AB, AD ta c6 

AB + AD + AA*’ = AC' 

3. Phep nhan vecta vai mgt so dugc dinh nghTa tuang tu nhu trong mat phang 
II. Dieu kif n dong phdng cua ba vecto 

!• Djnh nghia: Trong khong gian ba vecta dugc ggi la dong ph^ng neu gia ciia 
chung song song vai mgt mM phang 

2. Djnh li 1: Trong khong gian cho hai vecta a, b khong cung phuang va 
vecta c . Khi do ba vecta a, b, c d6ng phang khi va chi khi cap so m, n sao cho 
c ^ ni a + n b. Ngoai ra cap so m, n la duy nhat 

Djnh H 2: Trong khong gian cho ba vecta khong dong phang a, b, c . Khi 

do vai mgi vecta x ta deu c6 dugc bo ba so m, n, p sao cho x = ma + nb + pc. 
Ngoai ra bg ba so m, n, p la duy nhat 


CAC Di4NG TOAN CO BAN 

I. D^ng to^n I: Churng minh cac ddng thux vecto 

Phuifng phdp: Sir dyng qui tac 3 diem, qui tac hinh hop, cac phep loan ve 

vecta, ti'nh chat cua trgng tarn, ciia vecta 0... chung minh ve nay bang ve kia, ho^c 
bien doi tuang duang dAng thirc can chirng minh ve dSng thirc ma ta biet la dung. 
Chii y mgt so ket qua: 

• Neu M la trung diem cua AB la c6 OA + OB - 20M 

• G la trgng tarn cua tarn giac ABC o GA + GB + GC = 0 
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VDl: Cho tir di?n ABCD. DM AB = b, AC = c , AD - d. G^i (} la trontg tarn 
cua tarn giac BCD. Chu-ng minh AG ^ - (b + c + d) 

Giai 

G la trpng tarn tarn giac BCD ta c6 

BG + CG + DG = 6 o (AG - AB ) + (AG - AC ) + ( AG - AD)) = 6 

o 3 AG - ( AB + AC + Ali ) - 6 
o AB + AC + AD =3 AG 

VD2: Trong mat phing cho tir giac ABCD c6 hai dircyng cheo cal nihau tai O. 
Chung minh mpnh de sau: 

Neu OA -H OB +2 0C +20D = d ihi ABCD la hinh thang 

Giai 

OA + OB +20C +20D - 6 o OA +20C =-(OB +2ob)(’^) 

Vi OA + 20C c6 gia song song vai AC va -(OB + 2 0b ) c6 gia sonjg song 
v6i BD. Lai do AC va BD cat nhau, vay 

(♦)c:> OA + 20C = OB + 20b - 6 => OA - OB - 2(OD - OC') 

o BA - 2Cb ABCD la hinh thang 

II. Dang toan 2: Chumg minh ba vectu dong phdng 

Phmrng phdp: De chung minh ba vecta a, b, c dong phSng c6 thie siir dyng 
cac each sau 

• Dvra vao djnh nghTa: chtmg minh a, b, c c6 gia song song vai mpt m|t ph§ng 

• Chumg minh ton tai duy nhat hai so thuc m, n thoa man: a mb + nc 
(b,c khong cung phuang) 

VDl: Cho hinh hop ABCD. EFGH. Goi I la tarn hinh binh hanh ABFE wa K la tarn 
ciia hinh binh hanh BCGF. Chung minh BD, \K , GF dong phang 

Giai 

Tachungminh BD, IK, GF dong phSng bSng hai each 
C4ch 1: Phuemg phap tong h< 7 p (xem hinh 98 ) 

Ta chimg minh cac duomg th§ng BD, IK, GF song song ho$c chua tronjg (AvBCD) 
Taco: BD ci (ABCD) (1) 

GF//BC=^GF//(ABCD) (2) 

M^t khac 

IK // AC (tinh chat duomg trung binh) 
rr>IK//(ABCD)(3) 

(l),(2),(3)^Bb, IK,GF dongphang 
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^'ach 2: I^hmrng phap vecta: 

Fiicu ciicn BD, IK . (if-' theo 3 
vccta khong dong pliang AD, AB, 


la c(>: 

BD - AD - AB; 

GF - - AD 

Goi M la trung diem ciia BF' ta c6 
IK - IM\MK 

-0,5(A[i + AD) 

=> BD +2GF +2 IK =0 
V<'iy BD, IK, GF^ dongphang 


Hinh 98 


VD2: Clio ba vecta a, b, c khong dong phang. Xet cac vecta \ == 2a + b. 
~b-c,z=-3b-2c. Clu'rng minh \ . y . / dong phang 

Ciai 

Dc xel su dong phang cua 3 vecta \ , y . la xet phirang trinh: 
m X + n y + p 7. = 0 an m, n, p 

• Neu phirong trinh c6 nghi^m m, n, p khong dong lhai bang 0 thi x, y, z 
d6ng phSng 

• Neu phirong trinh c6 duy nhat nghi^m ni = n = p - 0 thi x, y , z khong dong 
ph^ng 

Xet phirong trinh 

mx+ny+pz = ()o m(2 a + b) + n(a-b-c) + p{-3 b - 2 c ) - 6 

o (2m + n)a + (m ~ n - 3p) b - (n + 2p)c = 0 
2m + n ~0 
o ■^m-n-3p-0 
n -i- 2p ~ 0 

FF$ tren c6 v6 so nghi^m 
V§y X , y , z dong phSng 

VD3: Cho tir di§n ABCD. Gpi I, J la hai diem di dpng Ian lirgl tren hai canh AD, 

BC saocho — = — = k > 0. Chung minh IJ luon song song voi mpt mat ph^ng 
ID 

codjllh 
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Giai 

Theo gia thiet ta c6 (xem Hinh 99) 

JB = -kJC va IA = -kID 
jB = -kJC 
IB-lj = -k(rC-lj) 

=> (lA + AB) - i j =-k[( ID + DC - IJ] 
ii>(k+ 1)IJ = AB +kDC +(iA +kiD) 

= AB + k DC (do lA + k ID 

U , AB, DC dong phing 
Gpi (P) la m§t phing qua AB va song 
song vdi CD, thi (P) c6 djnh va IJ // (P) 

CAU HOI trAc nghi|:m 

Cau 1: Trong cac khing djnh sau, khdng djnh nao sai? 

(A) Neu trong ba vecto a, b, c c6 mpt vecta 0 thi ba vecto do doing phSng 

(B) Neu trong ba vecto a, b, c c6 hai vecto cung phuong thi Iba vecto do 
dong phdng 

(C) Neu gia ciia ba vecto a , b, c ciing song song voi mpt m(it p>hing thi ba 
vecto do dong phSng 

(D) Neu gia cua ba vecto a, b, c cSt nhau timg doi thi ba vecto d6> dong ph&ng 
Ciu 2: Cho ba vecto a, b, c . Dieu kif n nk> sau day khSng djnh a, b, c dtong ph&ng? 

(A) Ton t9i ba so th^c m, n, p sao cho ma+nb+pc = 0 

(B) Ton 4i ba so thyrc m, n, p thoa mSn m + n + pj^Ovama + nb-^-pc =5 

(C) Ton t^ii ba so thvrc m, n, p thoa mSn m + n + p = 0vama + nb-H-pc = 0 

(D) Gid cua a, b, c dong qui 

C4u 3: Cho ba vecto a, b, c . Trong cic m?nh de sau, m?nh de nao saii? 

(A) Neu coma + nb+pc =0, trong do + n^ + p^ > 0 thi a , b, c dong 
phing 

(B) Neu a, b, c khong dong phSng thi tir m a + n b + p c =0 ta siuy ra m = n 

= p = 0 

(C) Voi ba so thyc m, n, p thoa mSn m + n + p^0tac6ma + nb' + pc = 0 
thi a, b, c dong phdng 

(D) Neu gia ciia a, b, c d6ng qui thi a , b, c dong phang 
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Cau 4: ('ho ha vecta a, b, c klibng dong phang. Xct cac vectcT x - 2a + b, 
y a b c , / ■ 3 b -2c 

( lion khang dinh dung 

(A) llai vcclo x , y cung plurcrng 

(B) llai vccUy y , / cung plurang 

(C) llai vecto' \ , z cungphirang 

(D) C ac khang dinh a (A), (B), (C) deu sai 

Can 5: Cho ba vecta a, b, c khong dong phang. Xet cac vecta x = 2a + b, 
y- a - b-c,z=“3b“2c 
('h^n khang dinh dung 

(A) Ba vecta x , y , z khong dong phang 

(B) Hai vecta x , b cung phirang 

(C) Hai vccla x , a cung phirong 

(D) Cac khang dinh a (A), (B), (C) deu sai 

Can 6: ('ho hinh hgp ABCD. AiBiCiDt. Goi M la trung diem AD. Chon dang thuc 
diing 

(A) f bX + = 2 ^ 

(B) B^M = + B^ + ^ 

(C) ^ +0,5^ 

(D) C^ - ^ -h0,5C,d’ +0,5C,Bj 


Cau 7: Cho tur dien ABCD. Dat AB = a , AC = b, AD = c. Goi M la trung 
diem cua BC. Trong cac dSng thCrc sau, dang thuc nao dung? 


(A) DM = - (a + c '-2b) 
2 


(B) DM - -(b + c - 2a) 


(C) DM = 3(a + b - 2c) 
2 


(D) DM = 3(a+2b-c) 


Cau 8: Cho tur di?n ABCD. Dat AB = b , AC = c . AD = d . Gpi G ia trpng tarn 
ciia tarn giac BCD. Trong cac dSng thirc sau, dSng thirc nao dung? 

(A) AG = 3 (b + c + d ) (B) AG = 3 (b + c + d ) 

4 3 



(D) AG = b + c + d 
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Cau 9: Cho hinh l^p phucmg ABCD.AiBiCiD|. Gpi O la tarn cua hinh lap phircmg. 
Chpn dang thirc dung 

(A) AO = ^(AB + AD + AA^) (B) AO = ^ (AB + AD + AA^) 

(C) AO = - (AB + AD + AA^) (D) AO = -(AB + AD + AA’ ) 

Cau 10: Cho hinh hpp ABCD.AiBiCiD). Tim dSng thuc sai 

(A) A^ + ^ +2^ = 0 (B) A^ + =2AC. 

(C) AC^ + AjC = AA^ (D) ^ + AC = C^ 

Cau 11: Cho tu di^n ABCD. Gpi P, Q la trung diem AB va CD. Chgn ding thuc dung? 

(A) ^ =-(BC + AD) (B) PQ =-(BC-AD) 

2 2 

(C) PQ =(BC + AD) (D) ^ =-(BC + AD) 

4 

Cau 12: Cho hinh hpp ABCD.A|B|CiD|. Trong cac khang djnh sau, khdng djnh 
nao dung? 

(A) BA,, BD|, BC, dong phang (B) BA,, BD,, BD d6ng phSng 

(C) BD, BD,, BC, dong phdng (D) BA,, BD,, BC dong ph&ng 

C&u 13; Cho hinh hpp ABCD.A|B|C|Di. Trong cdc khAng djnh sau, kh&ng djnh 
nao diing? 

(A) CD,, AD, A,C dongphSng (B) CD,, AD, A|B, dong phSng 

(C) BD, BD,, BC, dongphSng (D) AB,AD,C,A dong phSng 

CIu 14: Cho hai diem phan bi?t A, B va mpt diem O bat ki. M^nh de nao sau day 
14 dung? 

(A) Diem M thupc duong thSng AB khi va chi khi OM = OB = k BA 

(B) Diem M thupc duomg thing AB khi va chi khi OM = OB = k( OB - OA) 

(C) Diem M thu^ duimg thing AB khi va chi khi OM = k OA + (1 - k) OB 

(D) Diem M thupc dudng thing AB khi va chi khi OM = OA + OB 

Cfiu 15: Cho hinh iSng try tarn giac ABC.A|B|C|. DSt AA, = a, AB = b, AC = c . 
BC = d. Trong cac ding thurc sau ding thuc nao diing? 

(A)a = b + c (B)a + b + c + d = 0 

(C) b - c + d = 0 (D) a + b + c = d 
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C’au 16: I rong mat phang cho lir giac AIK'I) c6 hai omrng chco cat nhaii tai (). 

I rong ci\L khang dinh sau, khang dinh nat> sai'.^ 

(A) Ncu ABCI) la hinh biiih hanh thi OA + 0\i + OC + ()I) 0 

(B) Ncu OA ^ OB ^ OC + OD ^ 0 thi ABCD la hinh binh hanh 

(C) Neu OA + OT + 2 ()C ^ 20D - 0 thi ABCD la hinh thang 

(D) Neu ABCD la hinh thang thi OA + OB + 2 0C + 2 0D - 6 

Call 17: Cho hinh chop S.ABCD. Trong cac khang dinh sau, khang dinh nao sai? 

(A) Neu ABCD la hinh binh hanh thi SB + SI) ^ SA + SC 

(B) Neu SB + SD == SA + SC thi ABCD la hinh binh hanh 

(C) Neu SB + 2Sn = SA + 2SC thi ABCD la hinh thang 

(D) Neu ABCD la hinh thang thi SB + 2 SD == SA + 2 SC 

Cau 18 Cho hinh chop S.ABCD. Goi O la giao diem cua AC va BD. Trong cac 
khSng dnh sau, khang dinh nao sai? 

(A) Neu ABCD la hinh binh hanh thi SA + SB + SC + SD = 4 SO 

(B) Neu SA + SB + SC + SD = 4 SO thi ABCD la hinh binh hanh 

(C) Neu SA + SB + 2SC + 2 SD - 6SO thi ABCD la hinh thang 

(D) Neu ABCD la hinh thang thi SA + SB + 2SC +2 SD ^ 6SO 
Cau 19 Cho hinh hop ABCD.A|BiC|D|. Chpn dang thuc sai? 

(A) K’ + BA + ^ = B^ (B) ^ - B^ + ^ 

(C) ^ + DjA[ = ^ (D) ^ + ^ + B^ =BC 

Cau 20 Cho hinh hop ABCD.AiBiCiD} voi tarn O. H5y chi ra ding thurc sai? 

(A) U; - AB +AD +AAj (B) AB + ^ ^ + D^A = 6 

(C) \B + Aa| = AD+DD[ (D)AB + BC + ^ = AD^ + DP + 0Q 

Cau 21 Cho tur di^n ABCD. Gpi M. N Ian lirgt la trung diem ciia AB^ CD va G la 
trung di:m ciia MN. Trong cac dang thirc sau, ding thirc nao sai? 

(A.) ^^^=0 (B)^ + OT + ^ + OT = 0 

(C ) i4A + MB + !^ + r^ = 4MG (D) ^ + ^B + - OT 

Cau 22 Cho tur di^n ABCD va diem G thoa man GA + GB + GC + GD = 6 
(G la tpng tarn ciia tur di?n). Goi Go la giao diem GA va mp(BCD). Chpn khang 
djnl ding? 

(A.) jA =2GoG (B) GA =-2GoG 

(C') jA ==3GoG (D) GA =4GoG 
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Cau 23: Cho hinh chop S.ABCD ddy ABCD la hinh binh hanh c6 lam O. G<9i G 1: 
diem thoa man: GS + GA + GB + GC + GD = 0. Chpn khSng dinh diiing 

(A) G, S, O khong th^ng hang (B) GS = 3 OG 

(C) ^ =40G (D) ^ -50G 

Cau 24: Cho hinh tu di^n SABC va I la trpng tarn ciia tarn giac ABC. ChQ)n dSnj 
thirc dung 

(A)SI=SA+SB+SC (B)SI=-SA+-SB+-S(C 

3 3 3 

(C)3(SA - SB + SC)= si (D)6^ = SA + ^ + SC 

Cau 25: Cho 3 vecta a, b, c khong dong phang. Trong cac khSng djjnh sau 
khing djnh nao dung, khSng djnh nao sai? 

(A) C^ vecta x = a + b + c,y=2a -3b+c,z=-a+3b+3c d<'6ng phi 

□ dung, Li sa 

(B) Cac vecta x = a + b + 2c, y = 2a -3b - 6c, z = -a + 3lb +6c 

khong dong phdng □ dung, □ sa 

Cau 26: Cho tu di^n ABCD. Gq! M, N Ian lugl la trung diem ciia AD va B(C. Chgi 
kh&ng djnh sai 

(A) Cac vecta BD, AC, MN ddng phjng 

(B) Cac vecta AB, DC, MN dong phing 

(C) Cac vecta AN, CM , MN dong ph9ng 

(D) Cac vecto AB, AC, MN khong dong phang 

CSu 27; Cho tu di^n ABCD tren canh AD va BC Ian lugl lay M, N sao chio AM = 
3MD, BN = 3NC. Gpi P, Q Ian lugl la trung di4m cua AD va BC. Trong caic khanj 
djnh sau, khing djnh nao sai? 

(A) AB, DC, PQ dong phang (B) AB, DC, MN dongphaing 

(C) BD, AC, MN khong dong phang (D) MN, PQ, DC dongphaing 

Cfiu 28: Cho hinh hpp ABCD. EFGH. 99i I la tarn hinh binh hanh ABEF va K I 
tarn cua hinh binh h^nh BCGF. Chgn khang djnh dung? 

(A) BD, IK, GF dong phang (B) BD, EK , GF dong phang 

(C) BD, AK, GF dong phang (D) Cac khang djnh a(A), (B), (C-) deu s 

Cau 29: Cho hinh hgp ABCD.A BCD. M la diem tren doan AC sao cho AC = 3Mt 

Lay N tren doan CD sao cho xCD = CN. Vai gia trj nao cua x thi MN // BID 

2 111 
(A) X = — (B) X = — (C) X = — (D) X = — 

3 3 2 4 
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Cau 30: Cho hinh lap phirang ABCD ABCD. Tren cac dirmig cheo BI) va AI) 
cua cac riat ben Ian lirgl lay hai diem M, N sao cho DM - AN. MN song song voi 
m$l pharg nao sau day? 

(A)(aDBC) (B)(BBC) (C)(AAB) (D)(ADB) 

TRA 

Cau 1: (0) 

Cau 2: (B) 

Cau 3: (0) 

Cau 4: Pe xet su ciing phutrng cua hai vecto x , y ta xet phucmg trinh: 
m X + n y = 0 an m, n 

• NeJ phucmg trinh c6 nghiem m, n khong dong thoi bang 0 thi x, y cung 
phuJng 

• Niei phucmg trinh c6 duy nhat nghiem m = n = 0 thi x, y khong cung 
phuong 

(A) >,et phucmg trinh 

iTiX'ny = 0<=> m(2 a + b) + n(a - b- c)=0 

o (2m + n)a + (m - n)b - nc = 0 (*) 

Vi a. b, c khong dong phang, nen 
2m + n = 0 

(*)c> m-n = 0 om = n = 0 
n = 0 

I. 

V§y K, y khong cung phircmg 

(B) ) et phuorng trinh 

my*-nz = 0om(a - b- c) + n(-3 b - 2 c) = 0 

— 

o ma - (m + 3n)b - (m + 2n)c = 0 
m = 0 

o<m + 3n = 0 om = n = 0 
m + 2n = 0 

V§yy, z khong cung phucmg, 

Chuig minh tucmg tvr x, z khong ciing phucmg 
DS: D) 
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Cau 5: 

Xet phucmg trinh 

mx+ny+pz = 0<. m(2a + b ) + n( a - b - c ) + p( 3 b - 2c ) = 0 

o (2m + n)a + (m - n - 3p)b - (n + 2p)c 6 
2m + n = 0 
O'm-n-3p-0 
n + 2p = 0 

H? tren c6 v6 so nghi^m m, n, p 

Vay X, y, z khong dong phing 

Giai tuang x\s nhu cau 4 
Xet phuorng trinh: 

mx+nb = 6c:> m(2 a + b) + nb = 0c:>2ma +(m + n)b-0 

2m = 0 - ^ 

<=> < (do a , b khong cung phircmg) 

m-f n =0 

o m = n = 0 


Vay X, b khong cung phucmg. 

Kh^ngdjnh (B) sai 

Chung minh tuang tu, khang dinh (C) sai 
DS: (D) 

Cau 6: (xem Hinh 100) 

Theo qui tac hinh hop ta c6: 

B|B + B,A, + B,Cj = B|D Bj 

Vi vay cac d3ng thuc a (A), (B) sai / 

Ta chung minh dSng thuc a(C) la dung ^ At 

^ = ^ + ^ + DM ! 

= ^' + C^+0.5^, L 

4 *’ 

(do C|D, = DM =0,5^^) Bi 

DS: (C) 

Cau 7: 

DM = DA + AM = -c + - (a + b) = - ( a + b - 2c ) 

2 2 

DS: (C) 


• linh 100 
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riiii 8: 

( i ;i iroig tani lam uiac IK'D la c6 

B( i '(i * IXi {) <;.( A(i Ali) . ( ACi Ar ) f ( A(; AI) ) - 0 

w M(i ( AB ‘ A(' * AD) 6 
CO AB I aT’ c A[) 3 A(i 

OS: (H 
Cau 9; 

AO = - AO, = -(AB + AD+ AA,) 

■» ' 2 

DS: (C) 

Cau 10: Coi O la tarn cua hinh hop (xem Binh 101) A B 

Ta c6: AC"^ = 2 A(5 - 2 OC ’; C A= 2C() 

=> AC’ t- C\ = 2{^ + OC J = 2CX'^ 

AC^ f ^ + 2C^C = 2^^ + 20^0 = 0 ^ • -C 

Khangdjnh (A) dung Ai ‘O B| 

M l = 2 M). = 20C 

=0 M^ ^ = 2(AO + OC) = 2AC 

Khangdinh (B) dung D| * 

Ta chmg minh khang dinh (D) dung 

tv’ + AC = Ca] + - C(^ 

OS: (C) 

Cau 11: (cem Hinh 102) 

PO = PB + iK' + CQ (I) 

PQ = PA + AD + DQ (2) 

(I) coig (2) VC thco ve ta ciV 
2 PQ V PB + IM) + BC + AD + (^ + DQ) 

= d + IK' + ai3 + 0 B 

= f^’ + AD 
PO = (IK + AD ) 


Cl. 

Hinh 101 


Q 


( 


D 


I 15 


OS: (V) 


Hinh 102 



Ciu 12: (D) (xem Hinh 103) 

D, C, 


A B 

Hlnh 103 
Cfiu 13: (A) 

CSu 14: (C) 

Ket qud cau c rat quan trpng trong vi^c chung minh 3 diem thin^g hang, ti'nh 
toan c&c ti so 
Cfiu 15: (xem Hinh 104) 

(A) Bieu thuc sai. b + c 14 vecto c6 gia song song 
vdi (ABC) c6n a la vecto c6 gia cSt (ABC), vi the a 
khong the b&ng b + c 

(B) a + b+ c + d= ( AB + BC) + AC + AA, 

= 2AC + AAJ 

R6 rang 2 AC + AA, khong the b5ng 6 vi 2 AC 

v4 AA, 14 hai vecto khdc phuong B| 

DSng thiTc sai Hiah 104 

(C) b-c + d= AB-(AC-BC)=AB-AB = 6 
DS: (C) 

C&u 16: 

• OA + OB + OC + OD = 6oOA+OC =-(0B +OD) ((*) 

Vi OA + OC CO gia song song v(5ri AC v4 OB + OD c6 gia so»ng song voi 
BD. Lai do AC v4 BD cSt nhau, vay 

(♦) o OA + OC = OB + OD = 0 o O 14 trung dilm cua AC va BD 
o ABCD 14 hinh binh h4nh 
Khing djnh (A), (B) 14 dung 
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- OA + OB +20C +20D = 6 OA +20C =-(OB +20D)(*) 

Li luin nhir phan tren (*) tuang diromg vai 

0\ +20C = OB +20D = 0 OA - OB =2(OD - OC) 

B \ ~ 2CD ABCD la hinh thang 

Kharg djnh a (D) khong dung, ching h^n lay hinh thang can c6 day AB = 5CD 
VS: D) 

Cau 17:(xem Hinh 105) S 

S3 + ^ = SA + SC 

^ 5A-SB=^-SCoBA=ra 
A3CD la hinh hinh hanh 
Khanj djnh a (A), (B) diing 

S3 +2SD = ^ +2SC 

^ - SB =2(SD - 80)0 BA = 2^ 
o A3CD la hinh thang. Khing djnh a (C) dung 
R6 nng khang djnh a (D) la sai. Vi dg 
lay hinh hang ABCD c6 d^y 1cm AB = 5CD 

i)S: (0) D C 

Cau 18: Hinh 105 

S\ + ^ + SC + SD =4S0 

o(S-^) + (Sb-S0) + (SC-s6)+(SD-s6)=6 

o>0\+OT + 0C + 0D = 0 
O ABCD la hinh binh hinh 
KhSnj djnh (A), (B) dung 

Sa + SB +2SC +2 SD =6S0 

<o(S\ - SO) + (SB - S0) + 2(SC - S0) + 2(SD - S0)= 6 
o 0\ + OB >20C +20D = 0 
o m + 20C = OB + 20D = 5 

o m - OB =2(0D - 0C)o Sa =2OT 
Vly /BCD 14 hinh thang. Khing djnh (C) dung 
DS: p) 

CSu 19; 

Kh4n( djnh (A) 14 dung (qui t&c hinh hpp) 

Khinj djnh (B) 14 dung vi BC = BjC, v4 BA = B,A, 

Khinf djnh (C) 14 dung vi 
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AD + D,C,+D,A, = AD+DC + DA (vi D|C, = DC; D,A, = DA) 


= AC + DA = DC 


DS: (D) 

Cau 20: (C) 

CSu 21: (xem Hinh 106) 

(A) Ding thuc dung 


M 


(B) Vi GA + GB=2GM; 
^ + OT =2GN 


B 




=:> GA + GB + GC + GD = 2(GM + GN) = 0 
Ding thiirc dung 

(C) Tir biiu thurc (B), sir dyng qui tic ba diem 
ta CO ding thurc diing a cau (C) 

GA + ^ + ^ + GD=0 


A 

'1 


G 




D 


J 




■/ 


N 




c 

Hinh 106 


o (MA - MG) + (MB - MG) + (MC - MG) + (MD - MG) - 0 

o MA + i^B + MC + i^ = 4MG 

DS: (D) 

Chu y: Diem G dugfc ggi la trpng tarn cua tir di^n ABCD 
Cau 22: (xem Hinh 106) 

Gpi J la trpng tarn cua tarn giac BCD ta c6 

GB + GC + GD = 3GJ, vi viy 

^ + ^ + ^ + ^ = 0oGA+3^ = 0(*) 

(*) G, A, J thing hing i:> J = Go 

V|y GA =3^ 

DS: (C) 

Cau 23: ABCD la hinh binh hanh ta c6 
OA + OB + OC + OD = 0. Vi v|iy 
GA + GB + GC + GD =(OA - OG) + (OB - OG) 

+ (OC - OG)+(OD - OG) 
= OA + OB + OC + OD -40G =-40G 
Do do: GS + GA + GB + GC + GD = 6 

o ^ -40G = 6 o ^ =40G 
DS: (C) 

Cau 24: 

Vi I la trpng tarn ciia tarn giac ABC nen lA + IB + 1C = 0 


1 18 





c: ( SA si ) + (SB - si ) f (SC - !si ) 0 

c:. S\ + SB ( SC^ 3Sl - (I 

S! ' ^ - 5^ + - SC 

3 3 3 

DS: (B) 

Call 25 Be cln'riig ininh ba vecta x, y, z dong phang ta chirng minh phuong 

trinh m > + n y + p z = 0 c6 nghi^m m, n, p khong dong thai bang 0 

(A) a c6: 

n X + n y p z = 0 

<=>ma + b + c) + n(2a - 3b + c) + p{-a + 3b + 3c)=0 

o (n 2n - p) a + (m - 3n + 3p) b + (m + n + 3p)c = 0 (*) 

Vi a, b, c khong d6ng piling nen 
m + 2n - p = 0 
(*) o ■ ni - 3n + 3p = 0 
m + n + 3p = 0 

Bam MTBT. h? c6 nghi^m duy nhat m = n = p = 0 
V|iy > vecta tren khong dong phang 
Kharg djnh (A) sai 

(B) Chirng minh tiromg tir nhir (A) 

mx+ny+pz = 0 


oma + b + 2c) + n(2a -3b - 6c) + p{-a +3b + 6c)=0 
<=> (n + 2n - p)a + (m - 3n + 3p) b + (2m - 6n + 6p)c =0 
n f '’n - p = 0 

m + 2n - p = 0 

o ( n-3n + 3p = 0 o C (*) 

1 ^ [m-3n + 3p = 0 


CIiiu i rang phirong trinh m - 3n + 3p = 0 tiiong duang vdri phuang trinh 
2ni - ^' + 6p = 0 

.vu r.iig (*) CO v6 so nghi^m khac 0 
V^y )a vecta da cho dong phang 
IChiaig djnh (B) sai 

Cftu!6; Khangdjnh (C) rd rang la sai. 

DS:C) . 
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Xin neu ra hai each chimg minh cac khing dinh dung a (A), (B) 
C&ch 1: Phirang phdp tong hgrp (xem Hinh 107) 

Gpi P, Q Ian lugrt la trung diem cua AC va BD, 

De d^g chung minh dirgrc NPMQ la hinh 
binh h4nh c6 AB // NP, CD // NQ vi v^y AB va 
CD song song v6i mp(NPMQ) chura VfN v|y 

AB, DC, MN dong ph&ng 
Chung minh tuomg t\r ta c6 cAc vecto BD, 

AC, MN dongphing 
Cich 2: Phuemg phAp vecto 

Bieu dien MN theo cac vecto AB va DC g 
Tac6: 


MN = MA + AB + BN 



MN = MD + DC + CN 
Cpng hai ding thuc tren ta c6: 


C 

Hinh 107 


2MN =(MA + MD)+ AB + DC +(BN + CN) 
= 0 + AB + DC + 0 = AB + DC 


Ding thiirc 2 MN = AB + DC chung t6 AB, DC, MN dong phing 
Ciu 27: (xem Hinh 108) 

Khing dinh (A) I& dung (xem chung minh 6 cau 
tren) 

Khing djnh (B) 14 dung, c6 the su dpng phuong 

phap tong hgrp ho$c vecto de chung minh khSng 

djnh dung n4y tuong ttr nhu chung minh eSu tren 

Ta chung minh khing djnh (C) 14 sai 

Ta liy diem K tren c^h AB sao cho NK // AC 

^ , AK 1 , AM , 

Ta c6: -= — v4 —— = 3 

KB 3 MD 

nen BD cit KM 

Vi v(iy BD cit (KMN) 

V|y BD, AC, MN khong dong phing (neu 

BD, AC, MN dong phing thi BD phai song C 

song hojc chura trong (KMN)) Hinh 108 

DS: (C) 
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Cau 28: I a chi'rng minh fU) , IK , Cil dong phang bang hai each 
Cach 1: Phinrng phap tong h(,Tp (xem hinh lOd) 

Til chi'rng niinh cac dirdng thang BI). IK, (II song song hoac dura trong (ABCD) 


Tiled: BI)e(ABCD)(l) 

Gl // BC zoGF//(ABC D)(2) 

Md khac 

IM // AB (tinh chat dirdng song song) 
MK // BC' (ti'nh chat dudng trung binh) 
w(lMK)//(ABCD) 
w IK//(ABCD) (3) 


D 


B 


(I). ( 2 ). (3) r:> BD. IK, GF 
dong phang 

Cach 2: Phuomg phap vecta: 

Bieu dien BD, IK , GF theo 3 


H 


•XK 


-4 

/M 


vecta khong dong phang AD, AB, 

All 
Ta c 6 : 




Hinh 109 


BD = AD - AB; GF =-AD 
69 ! M la trung diem cua BF ta c 6 

IK = + =0,5(AB + AD) 

=> BD +2CT -21K = 0 

V<iy BD, IK, GF dong phang 
DS: (A) 

Cau 29: Ddt BA = a ; BB = b; BC = c (xem Hinh 110) D’ 


Ta c 6 : 


BD = BB + BA + AD = b + a+ c 


MN = MC + CC + C N 
1 


,/ 


AC + CC +xCD 


I 


= -(BC-BA)+CC +x(CC + CD) 
= ^(c-a)+b+x(a-b) 


= (l-x)b +(x- - )a + - c 
3 3 


A 


/ 




D 


N 


M 


Hinh no 


C 


G 


C’ 


B’ 
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A L- ^ B 

Hinb 111 

DHt DM = xDB => AN = xAD. Ta c6; 

NM = NA + AM 

= -xAD +(AD + DM) 

= -x( AD + AA ) + AD + X DB 
= -x( AD + AA ) + AD + x( DA + DC) 

= -x(b + c)+ b +x(-b + a) 

= x(a - c) + (I - 2x)b 
= xA B + (1 - 2x) AD 
= X A B + (1 - 2x) BC (do AD = BC ) 

Vay NM , A B, BC dong phing, hay MN //(ADBC) 

DS: (A) 
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§2. HAi m am; thanc; vi onc; (;(k mwv 

TOM TA I iJ rm v FT 

I. Tich VO liircVn^ cua hai vecto Ironj* khong gian 

1. (ioc j^iiTa hai \cctir; ( ho u , v la hai vecUr trong khong giaii. Fir diem A bat 
ki VO AB ^ u . AC ^ V , khi do goo BAC’ la goc giCra u . v , ki hieii ( u , v ) 

2. rich \6 hirbtig: ii v - I u 1.1 v I cos( u, \’) 

3. i u I ^ J u 

■ - u.v 
cos( u , V ) = 

U V 

ulv<:=>u.\^0 

II. Goc giua hai dtr<'mg thSng: Goc giua hai dirong thdng trong khong gian la goc 
giSa hai dixang thang cal nhau Ian lirgi song song vai hai dirang thSng do va cung 
di qua m(n diem 

III. Hai dirffng thSng vuong goc: 

1. Hai dirang thang duac g(^i ia vuong goc neu goc giura chung b^ng 90‘' 

2. N8u hai duang thing a, b Ian lugt c6 vecta chi phuang la u , v Ma c6 

alb<=>ulv<::i>u.v=0 

3. Neu a//bvaci.b=>cJ_a 

CAC DANG TOAN CO BAN 

I. D^ng loan I: Tinh goc giu^ hai vecto. Chirng minh hai vecto* vuong goc 
Phtr<mgphdp: Sir dyng djnh nghla, chu y cac ket qua sau 

- - U.v - -- - - 

• cost u , V ) = •ulvou.v=0 

u V 

• (U ^ V)"=U‘H-2UV + V' • {u - v)“^u'-2uv + v‘ 

VDl: Cho hai vccto a , b Ihoa 1 a I = 4,1 b I = 3.1 a - b 1 = 4. Tinh goc giura hai 
vecta a, b 

Giai 

Goi a goc giCra hai vccla a , b 
T a v6: 
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la - bl^ = (a - b)^=a^+b^-2lall bl cosa 

= lal^ + lbP-2|ailbl cosa 
The cac d^i lugrng d§ cho a gia thiet ta c6: 

9 3 

16 = 25- 24cosa cosa = — = — 

24 8 

VD2; Cho tu di?n ABCD c6 hai m$t ABC va ABD la hai tarn giac deu. Chimg 
minh AB CD vuong g6c 

Giai 

c 

Ta sir dyng phuong phap vecto de giai bai ^ 

tOM nay bSng each tinh AB CD (xem Hinh 112) \ 

Ta c6: ^ = AD - AC / \ 

AB ro = AB (AD - AC) / 

_ _ _ _ / 

= AB AD - AB AC 

Vi ABC va ABD la c4c tarn giac deu bang ® 

nhau nen / \ \ 


AB AD = AB AC ^ AB CD = 0 A D 

AD I Hinh 112 

V?iy AB _L CD 

Tl. D^ng toin 2: Chnmg minh ding thdre hinh h^c 


Phmmgphdp: Sir d\ing ede kien thiirc ve vecto, ti'ch v6 hirang, cac phrep toan ve 
vecta de chumg minh ve n^y bimg ve kia, ho|c bien doi tuong dirang dinfg thirc can 
chirng minh ve ding thuc ma ta biet dung 


VDl: Cho tir di^n ABCD c6 trgng tarn G. Chirng minh h? thirc 

AB^ + AC^ + AD^ + BC^ + BD^ + CD^ = 4(GA^ + GB^ + GC^ + GD^)) 

GUU 

Tac6: 

^ + OT + ^ + OT = 6 
Binh phuong v6 hudng hai ve ta c6: 

GA^ + GB^ + GC^ + GD^ + 2^ + 2GA ^ 

+ 2GA W+2OT^+2^^+2^GD =0(*) 

M$t kh&c: 

AB^= AB^ = (^-GA)^ =GB^ -2OTGA + ^^ 

= GA^ + GB^-2GA ^ 

2GA GB = GA^ + GB^ - AB^ v^ cac ding thuc tuong t\r, the v^o (*) va 
bien doi ta c6 

AB^ + AC' + AD' + BC' + BD' + CD' = 4(GA' + GB' + GC' + GD') 
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VD2: Cho ludivn ABCD. 

Chung niinh dieu ki^n can va du dc AC 1 HI) la AB’ + CD' = BC‘ + AD" 

C>iai 

AB’ K;D- = BC- +AD’o(BA' - BC‘) + (DC' - DA ) = 0 
c> { BA - BC )( BA + BC ) + (DC DA )( DC + DA ) = 0 
c> 0\ ( BA + &C ) + AC( DC + DA) = 0 
o ^ ( BA + BC - DC - DA ) = 0 
o^KliA - DA) + (BC-DC)] = 0 


o2CA BD =0<-> ACIBD 

III. Dang toan 3: Ti'nh goc gifra hai dumig thang. Chihig minh hai dirong 
thdng vuong gdc 


Phircrng phdp: De li'nh goc giua hai duong thang a, b ta c 6 the str dyng cac 
phucmg phap sau 

• Six d\ing djnh nghTa, qui ve ti'nh toan trong mat phang, chu y djnh li cosin, 
sin, ti so lugng giac trong tarn giac vuong ... 

• Dung tich v 6 hurong: gia sir a, b Ian luot c 6 vecto chi phucmg u, v, 9 la 
goc giua a va b, ta c 6 : 

COS<p= |C0?(U,V)| = | i 


Neu u. V = 0 thi a va b vuong goc nhau 


VDl: Cho hinh l^p phucmg ABCD.AiB|C|Di. 

a) Goc giO“a AC va DA| bang bao nhieu? 

b) Gpi M la trung diem cua AD. Ti'nh goc giua AiM va AC 

Giai 

a) Sir dyng phucmg phap tong h< 7 p (xem Hinh 113) / ^ 

Vi AC//A,C, 

Nen goc gifta AC va DA| la goc DA,C| ^ -- - 

De ihay ring tarn giac DA|Ct deu nen 
DA^ = 60“ 

V<|yg6c gi&a AC va DA| bSng 60® 

b) Ti su d\ing phucmg ph^p vecto de giai ‘ 

bai toar n^y | 

Ggi joc gi&a AC va A|M la a I; 




Hinh 113 
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Tatinh AC.MA, bang each bieu dien AC va MA, theo cac vecto tliuoe cac 


canh ciia hinh lap phirang AB, AD . AA, Ta c6: 


AC = AB +AD; 


MA, = MA + AA, =-0,5 AD + AA, 


AC MA, = (AB +AD)(-0,5AD + AA, ) 


= -0,5AB AD + AB AA, - 0.5 AD ’ + AD AA, 


= -0,5a' (♦) 


Ta c6: AC = ayfl 


MA| - ^a' + (-)■ - 


a 


V5 


(*)o a-v/2 .^^cos( AC. MA, ) =-0,5a' ocos(AC. MA, ) = — 

2 ' yfW 


Vay cosa = 


1 


Vio 


VD2: Cho tu di?n deu ABCD canh a. Chung minh AB vuong goc vai CD 

Giai 


D$t AB = a, AC = b, AD = c 


Taco CD = AD - AC = c - b 

AB. CD = a(c-b)=a.c-a.b 
= 0,5.a.a - 0,5.a.a = 0 
Vay AB vuong goc vai CD 


/ I 


\ 


I 1 




B 


D 


M 


C 

Hinh 114 

CAII HOI TRAC NGHIfM 

Cau 1: Trong cac khSng djnh sau, khang djnh nao diing, khang dinh nao sai? 

(A) Hai duang thing ciing vuong goc vai diroiig thang thu ba ihi song song nhau 

dung, I ! sai 

(B) Cho hai duang thing song song a. b. Neu a vuong goc vai duang thang c thi 

b cung vuong goc vai c 

dung, sai 
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(C’) C ic> hai (lifo-iig thang phan biet n. b. Neii cliibng thaiig c viiong gbc vbi a va b 
tf i a, b. e khong dong phang 

dung. sai 

C^u 2: I rung khong gian clio ha dicin A. C bat ki. Chon dang thirc dung 

(A) XH AC AB- t A( ' BC 

(B) ; Ati.AC - AB' AC- - 2BC' 

(C) : Ail AC - AB- + AC- - BC“ 

(D) \BJvC AB- + AC- - 2BC- 


Cau 3; Gio a 

= 3;| b 1 = 

= 5, gbc gifra a va b bang 1 20". Chon khang dinh sai 

(A)i a -( b 

^ v'To 

(B) a - b - 7 

(C)h 2b 1 

= 9 

(D)l a - 2 b !- via9 


Caii 4: ho hai vccta a . b thoa man: i a I = 26; i b I = 28: 1 a 
dai ciia 'ecta (a - b ) bang bao nhieu? 

(A) a61 6 * '' > \ . vD) 25 


- 48. Do 


^ 0)25 


Can 5: ( Ik> hai vecta a , b ihoa I a I 4,1 b I = 3 J a - b I = 4. Goi a goc giira 
hai vccU a , b . Chon khang dinh dung 

..3 „ 1 

(A) c<sa - - (B)cosa = - 

8 3 

(C)a=60' (D)a-30‘' 

Cau 6 : Cho hai vecta a , b thoa man I a I = 4,1 b ! = 3, a b = 10 . Xel hai vecta 
x^a 2b.y=a“b. Goi a ^oc giCra hai vccla x, y. Chon khang dinh 
dung 

5 4 

(A) c(sa = -7= (B) cosa = —p=r 

Vii5 VTis 

6 8 

(C) ccsa = —F= (D) cosa = - 7 == 

Vll5 015 

Cau 7: Cio tir dien deii ABCD. Goc giira AB va CD bang bao nhieu? 

(A) 3C' (B) 60" (C) 90" (D) 45" 

Cau 8 : Cio ti'r dien ABCD vai AB 1 AC, AB 1 BD. Goi P, Q Ian lugl la Irung 
diemcua \B va CD. Goc giira PQ va AB bang bao nhieu? 


(C) ccsa 


VTis 


(B)cosa = 
(D) cosa = 


(A) <60 


(B) 90' 


(C) 45' 


(D) 30' 


Cau 9: C to tir dien ABCD c 6 hai mat ABC va ABD la cac tarn giac deu. Gbc giira 
AB \a Cr bring bao nhieu? 

(A) (50 (B)90" (C)30‘' (D) 120" 
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Cau 10: Cho tu di?n ABCD vai AC = 1,5AD, ZCAB = ZDAB = 60®, CD - AD. 
Gpi 9 la goc giOa AB va CD. Chpn khSng djnh dung 


(A) <p = 60® 


(B) coscp = - 


(C) cos(p = - (D) 30® 

4 

Cau 11: Cho hinh l|ip phircmg ABCD.A|B|C|D|. Chpn khang djnh sai? 

(A) Goc giOra BD v4 AiCi bSng 90® 

(B) Goc giOa AC va B|Di bang 90® 

(C) Goc giOa AD va B,C bang 45® 

(D) Goc gi&a B|D| va AAi bang 60® 

CSu 12: Cho hinh lap phuong ABCD.A|B|C|D|. Goc giOa AC va DAi bang bao 
nhieu? 

(A) 60® (B)45® (C)90® (D) 120® 

C4u 13: Cho hinh l^p phircmg ABCD.AiBiC|Di c6 c^inh a. Gpi M la trung diem 

cuaAD. Giatrj B,M BD, bang 

(A)0,5a^ (B)a^ (C)0,75a^ (D) l,5a^ 

Ciu 14: Trong khong gian cho tarn giac ABC c6 trpng tarn G. Chpn hp thuc dung? 

(A) AB^ + AC^ + BC^ = 3(GA^ + GB^ + GC^) 

(B) AB^ + AC^ + BC^ = 2(GA^ + GB^ + GC^) 

(C) AB^ + AC^ + BC^ = 4(GA^ + GB^ + GC^) 

(D) AB^ + AC^ + BC^ = GA^ + GB^ + GC^ 

Ciu 15: Trong khong gian cho tarn giac ABC. Tim diem M sao cho gia trj ciia bieu 
thurc: L = MA^ + MB^ + MC^ dat gid trj be nhat 

(A) M la trvrc tarn cua tarn gidc ABC 

(B) M la trpng tarn cua tarn gidc ABC 

(C) M la tarn dirong tron ngo^ii tiep tarn giac ABC 

(D) M la tarn dubmg tr6n npi tiep cua tarn giac ABC 

C4u 16: Cho tur dipn ABCD c6 trpng tarn G. Chpn ding thirc dung? 

(A) AB^ + AC^ + AD^ + BC^ + BD^ + CD^ = 2(GA^ + GB^ + GC^ + GD^) 

(B) AB^ + AC^ + AD^ + BC^ + BD^ + CD^ = 3(GA^ + GB^ + GC^ + GD^ ) 

(C) AB^ + AC^ + AD^ + BC^ + BD' + CD' = 4(GA' + GB' + GC' + GD' ) 

(D) AB' + AC' + ad' + BC' + BD' + CD' = 6(GA' + GB' + GC' + GD' ) 

Cau 17: Cho tu di^n ABCD trong do AB = 6, CD = 3 va g6c giOa AB vi CD la 
60^ va diem M tren c?inh BC sao cho BM = 2MC. mp(P) qua M song song vai AB 
va CD. (P) cat BD, AD, AC Ian lu< 7 t t^ii N, P, Q. Di^n tich IVTNPQ bAng bao nhieu? 

(\) 2^^3 (B)2 (C)'2V2 (D)l,5 
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Can 18: ( ho tt'r tlicn ABC'I) CO AH \uoiic giK' \a\ C'H. nipdM song song \(Vi AH va 
Cl) Ian hnyl cai liC . DfC AI). A( lai M. N. W (,). l u giik MNF*(,) la liinh gi? 

(A) Hinh lliang (B) Hinh hinh hanh 

{(') 1 linh chfr nhal U)) I u giac khong phai hinh I hang 

Can H): ( ho tu then AIK I) AH ^ isaig goc voi (1). AH 4. CD 6. M la diem 
thuOc canh H( sao cho MC - 2HM. mp(h) ^t)ng :>t>ng vtri AH va C l) di qua M. 
Dion tich ihiet dicMi cua (P) va Hi then AHCH bang Kio nhieu'.^ 


1A ! 7 

(A) 5 (B) (C) (I))6 

0 o 

Cau 20: C’ho tir diCai ABC’D CO Ali \ uong goc vtVi ( I). A\l (JD 6. M la diem 
thuoc canh IK sao cho MC xiK (1 > \ > 0). nip(P) song song voi AB va Ci) la i 
lirqt cat HC. DIC AD, AC tai M. N. P. Q. Dicn tich Ion nhat cua tu giac MNP(,) 
bang bao tihieu? 

(A)i0 (B)9 (C)8 {l))ll 

Cau 21: C'ho tu' dien deii ABC’D canh bang a. Cioi O la lam dirtmg tron iigoai tiep 
lam giac BC D Cioc giira AC) va C’D bang bao 

(A) 60" (B)90'' (C)30" (D) O" 

Cau 22: Cho u'r dien deii ABCD canh bang a. Cjoi M la Iriing diem CD. Ggi a la 
goo giira AC va BM. Chon khang dinh dung 

1 , V 3 A 

(A) COSO (B) a ” 60 (C) cosa “ — (D) cosa — 

V3 4 6 


TRA LOI 
Cau 1: 

(A) KhAng djnh sai. Hai duong ihang cung vuong goc voi dirong thing thix ba 
CO lal ca cac vi tri tirong doi cua hai duong ihing (song song nhau, irung nhau, c5l 
nhau, cheo nhau) 

(B) Khing dinh dung 

(C) Khing djnh sai 

Ciu 2: Voi ba diem A, B, C bat ki ta cd: 

BC = AC - AB 

Binh plurcnig v6 huong hai ve la c6; 

BC^ - AC- + AB^ - 2 AB.AC 

2 AB AC = AB- + AC^ - BC^ 

i>S: (C) 

Ciu 3: Binh phircmg v6 hirorng hai vc cac bieu thirc can finh 

(A)(a b )■ = a ‘ + C + 2a b =1 a I ’ + | b M + 2 I a il Ccosl20® 

= 9 + 25 + 2.3.5.(-0,5) = 34 - 15 = 19 

=> I a + b I Vl9 
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(B) (a - b r = 34 + 15 = 49 =t. i a - b I = 7 

(C) (a + 2 b )^ = a ^ + 4 b ’ + 4 a b =1 a I ’ + 4| b I ‘ + 4| a I! hi co, 120" 

= 9+ 100 + 4.3.5.(-0,5)= 109 - 30 = 79 

Vayl a + 2b 1= ^/79 

DS: (C) 

Cau4:Tac6: * 

(a+b)^=a‘+b‘ + 2ab 

(a-b)^=a^+b^-2ab 
Cpng hai ding thirc tren ve theo ve ta cb: 

(a + b)^ + (a - b)^ = 2(a‘ + b^) 

The cac dgi lugng da biet vao ding thirc tren ta c6: 

48^ +(a - b )^ = 2(26^ + 28') 

=>(a - b)‘ = 616=>la - b 1= Vblb 


DS: (A) 

Cau 5: Ta c6: 

1 a - bp = (a - b)^=a’ + b^-2a.b =| aP + l bl"-2l all b 
The cac dai lirgng d§ cho a gia thiet ta ccv 

9 3 

16 = 25 - 24cosa => cosa = — = - 

24 8 

DS: (A) 

Cau 6: Su dyng cong thirc x y = I x 1.1 y I .cosa 

Tac6 xy=(a + 2b)(a - b)=a^+ab-2b^=16+10-18=8 
x^ = (a+2by = a^ + 4ab+4b^=16 + 40 + 36 = 92 
=> I X 1 = 2^/23 

y^ = (a - b)^ = a^-2a b + b^ = 16 -20+ 9 = 5 
=;> I y I = %/5 


Vay cosa = 



8 

2yfU5 


4 

yfus 


DS: (B) 


c:osa 
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Can 7: a duni; plurcYng phap vecta dc giai bai Id.in nav A 

Ali ■[) ^ AR( AD M') 

Ali AD AB AC 

VI A K \a ABD la cac tain giac dcu bang nhau nen 

/B A!) AB AC B ^ ^D 

:> AB C D = 0 

Vay \B J CD (xem Hinh 1 15) 

DS: C) C ^ 

Hinh IIS 

Cau 8: T'a sir dung plurcmg phap vecta de giai bai toan nay bang cac tiiih ABPQ . 
Ta biC'u lien PQ theo BD va AC (Xem Hinh 116), ta c6: 

2 ^0 - AC^ + TO 


=> 2 VBPQ = AB{AC + BD) 

= AB AC + AB TO 
Thee gia thiet: 

A3 1 AC AB AC = 0 

A3 1 BD AB TO = 0 

^ 7bk) - 0 

Vay '6c gi&a PQ va AB bang 90" 

DS: B) 

Cau 9: 


C 

Hinh 116 


Ta SI dyng phirang phap vecto de giai bai loan nay bang each tinh AB CD 

Ta cc TO =(TO - AC) ^ 

. ^ ___ _ _ ' 

^ AB CD = AB (AD - AC) / \ 

= ABAD-ABAC 

Vi A3C va ABD la cac tarn giac deu bang nhau nen 
^ AD = AB AC 

_ __ B 

^ AB CD = 0 

Vfby'iBTCD A" ^ 

DS: B) Hinh 117 

Cau llO (xem Hinh 117) 

Gpi f. la goc giua AB va CD 
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Taco AB CD = AB (AD - AC)= AB AD - AB AC (*) 
AB AD = AB.AD.COS60" = - AB.AD 


1 


3 


AB AC = AB.AC.COS60" = -AB.1,5.AD= - AB.AD 


AB CD = AB.CD.cosa - AB.AD.cosa 
The vao (’*') ta c6: 

AB.AD.cosa = - AB. AD - - AB.AD = - - AB. AD 
7 4 4 


1 1 

=> cosa = — => COSO) = — 

4 4 


D 




D, 


DS: (B) 

Cau 11: (xem Hinh 118) 

(A) Vi A,C|//AC 
nen (BD, A,C,) = (BD, AC) = 90“. 

Khdng dinh dung 

(B) ViB,D,//BD 
nen (AC, B,D,) = (AC, BD) = 90°. 

KhSng djnh dung 

(C) V} B,C//AiD 
nen (AD, B.C) = (AD, A,D) = 45°. 

KhSng djnh dung 
DS: (D) 

CSu 12: Vi AC // A,C, nen 

G6c gifta AC DA| bSng goc ZDA|C| 

De nh(in thay DA|C| Id tarn giac deu, nen ZDAiC, = 60° 
Vi v§y goc gida AC vA DA| bang 60° 

DS: (A) 

Cau 13: (xem Hinh 119) 

Ta c6: 


A, 


B 


Hinh 118 


B.M = B.B + BA + AM 


— B|B + B,A| +0,5B|C 


'I'-i 


BD. 


BB| + B|A, + A|D| 


B|B + B| A| + B|C| 



Hinh 119 
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\a>: li,M BI)^ (B,B f IVV ^ (),5BiC'*)( B,B * B,a’ ^ B,C * ) 

B,B' i B|Aa' f ().5B,(^ ’ 0.5a' 

l)S: (A) 

Cau 14: la cn (iA + (ili + CiC = 0 
Binh phirang vo hirang hai ve ta c6 

oA' ^ (jW ^ GC' + 2(jACiB f- 2GAGC’ + 2 (]B(jC - 0 {*) 


1 he 2 GA(iB CjA“ + GB' - AB^ va cac dang thuc tirang lir vao (*) ta c6; 

Ga’ + GB ’ + GC'" + G f GB' - AB' + GA' + GC^ - AC' + GB’ + GC’ - BC’ - 0 
c> AIC ' AC‘ * BC’ = 3(GA‘ + GB^ * GC' ) 

ns- (A) 

Cau 15: 

Vai nioi diem G ta c6 

2 ; = MA” + MB' + MC' = ( MG + GA )' + { MG + GB)' + t MG + GC )' 
= 4M(]- + GA' + GB- + GC- + 2 (^ + ^ + ^) 


Chon G la trong tarn ciia ABC thi GA + GB + GC = 0 . vi vay 
I = 4MG^ + GA- ^ GB- + GC'- > GA' + GB' + GC' 

Dang thuc xav ra <=> MG = 0 o M = G 

fiS: (B) 

Cau 16: Taco: GA + GB + GC + GD - 0 
Binli phutTng v6 huang hai ve ta c6: 

GA- ^ GB- + GC- + GD- + 2 ^ ^ + 2 ^ ^ + 2 ^ OT 


+ 2GB GC + 2GB GD + GC GD = 0 


ChCiy dang thuc 2 GA GB = GA' -i- GB" - AB" va cac djnr ■'/ic tuemg ty ta c6 
AB- + AC- + AD- + BC- + BD' + CD' = 4(GA- + GB' + GC" + GD^) 


t>S:{C) 

Cau 17:(xeni Hinh 120) 

D§ chung minh MNPQ la hinh binh hanh 
Thee djiih li Talet ta c6: 

MN BM 2 


CD BC 3 
1 

^ \'N = “CD = 2 
3 


^ ivo = 


1 

- AB = 2 
3 


La i CO MQ // AB, MN // CD, nen 
CMN =(AB, CD) = 60“ 



C 

Hinh 120 
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S(MNPO) = 2S(MNQ) = 2.0.5.MN.MQ.sin6()" - 2 v"? 

DS: (A) 

Cau 18: (xem Hinh 121) 

Chi'rng minh tirang t^r cau 14 ta c6 
MQ // AB; MN // CD 
Vi V9yZOMN = (AB, CD) 

Ma ABlCD(giathiet) F 

V?y Z QMN = 90° / 

L^i theo cau 8 a tren thi MNPQ la hinh binh hanh 
V^y MNPQ la hinh chu* nh|t 
DS: (C) 

Cau 19: (xem Hinh 122) 

Theo cau 9 a tren thi MNPQ la hinh chu nhat 
Ap dyng djnh h' Talet vao tam giac ABC ta c6: 

QM ^ CM 2 
AB ” CB ' 3 

QM = - AB = - ^ 

Ti'nh to^n tirong tir ta c6: 

MN=-CD=2 
3 

. 8 16 

Vly di?n tich hinh chO nhat MNPQ bang - . 2 = — 

DS: (B) 

Cau 20: (xem Hinh 123) [ 

Theo cau 19 a tren thi MNPQ la hinh chCr nh^t 
Ap dyng djnh li Talet vAo tam giac ABC ta c6: 

QM CM 
AB ~ CB ” 

=> QM = xAB = 6x P 

Tinh todn tuong t\r ta c6: 

BM BC-CM ^ 

MN =-CD=-6= (1 -x)6 

BC BC 

Vay di?n tich hinh chu nh|it MNPQ la S = 36x(l - x) 

S Ian nhat o\ ^ ] - x c:> x = 0,5 
Gia tri Ian nhat ciia S b^ng 36.0,5.0,5 = 9 
DS: (B) 



B 

Hinh 121 


,'■■5 .> 


B 

Hinh 122 



B 

Hinh 123 
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('ill 21: (\cti) lliiih 124) 

M ia liun” dieai cin ( I) 

() \c diiang lhani» >ong sonu \kV\ 

CDlm IU lai i:. BDtai f 

I a CO ( AO. [ i ) (AO, ( D) 

Tam giac IK I) can lai IT IT- / CTT ncn 
HI 1)1 \aOT - or 
AAi)l - AADl (c-g c) 

-v Ai: - Al- 

Tam giac AIT- can c6 trung luven AO 
vira la dirang cao ncn AOL ^ 90 ' 

Vay (AO. C D) =- 90" 

DS: (B) 

Cau 22: (.\em ITinh 125) 

Gt.)i N la imng diem AD ta c6 

MN // AC (duong trung binh cua tarn giac ACD) 
MN)- (AC\BM) 

Taco: 

BVl = BN ^ - (dircmg cao tarn 



1 


B 


giac deii) 
MN 


a 

1 


(du-cmg trung binh tarn 


giac ACD) 

Ap d^ing djnh li Cosin cho tarn giac BMN ta c6 

BM- +MTM- -BN^ = 2^2 
2BM.MN 6 

BS: (D) 


cos BMN - 


Hinh 124 
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§3. DlJOfNG THANG VI ONG GOC V6l MAT PHANG 


TOM tAt LI THUYET 

1. 0jnh nghia: Duong thing a duoc ggi la vuong goc vai m$t philng (P) nen a 

vuong goc vai mgi duang thing thugc (P), ki hieu a 1 (P) 

li. Dieu kifn de dirotig thing a vuong goc voi mdt phing (P) 

Duong thing a vuong goc voi hai duong thing cat nhau ^hugc m§t phing (P) thi a 
vuong goc voi (P) 

III. Tinh chat: 

1. Co duy nhat mpt mat phang di qua mot diem cho trudc va vuong goc \di mot 
duong thing cho truoc 

2. Co duy nhat mpt duong thing di qua mgt diem cho truoc va vuong goc voi 
mpt mSt phing cho truoc 

IV. Sur lien quan giira quan hf song song va quan vuong goc: 

1. Cho hai duong thing song song. Mat phing nao vuong goc voi ducmg thing 
nay thi cung vuong goc voi duong thing kia 

2. Hai duong thing phan bi?t cung vuong goc voi mgt m$t phing thi song song 
voi nhau 

3. Cho hai m$t phing song song, duong thang nao vuong goc voi m§t phing 
nay thi cung vuong goc voi mjt phang kia 

4. Hai m^t phing phan bi^t cung vuong goc voi mot duong thing thi song song 
voi nhau 

5. Cho duong thing a va mSt phing (P) song song nhau. Duong thing nao 
vuong goc voi (P) thi cung vuong goc vdi a 

6. n4u mgt duong thing va mpt m$t phing (khong chura duong thing do) cung 
vuong goc vdi mpt duong thing khac thi chung song song nhau 

V. Phep chieu vuong g6c 

1. Djnh nghia: Cho dudng thing d vuong goc vdi m$t phing (P). Phep chieu 
song song theo phuong d len (P) dugc ggi ia phep chieu vuong goc len (P) 

2. Djnh li ba dvong vuong gdc: Cho duong thing a nim trong m$t phing (P) 
va b la duong thing khong thugc (P) ddng thdi khong vuong gdc (P). Ggi b la hinh 
chieu vuong gdc cua b len (P). Khi do a vuong goc vdi b khi va chi khi a vuong goc 
vdi b 

3. Goc giu^ dudng thing va mkt phing 

Cho duong thing d va m|t phing (P). Ta c6 dinh nghTa: 

• Neu d vuong goc vdi (P) tlii ta ndi goc giua d va (P) la 90^' 

• Neu d khong vuong goc vdi (P) thi goc giua d va hinh chieu d cua d len 
(P) dugc ggi la gdc giua d va (P) 
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C AC l)\N(; TOAN CO BAN 

I. Danj. toan 1: ^'hirng minh diroii^ than^ \ uon{» }>dc v<Vi mal [ihan^ 

Phuo'nj^ phap: l)c chinm niinh duang tliang a \udng goc \a\ mat pliaiig tP) ta | 
cd the nr dung hat each sau: , 

• Cln’nig niinh dirdiig lhang a vudng gdc vdi hai dumig thang cat nhau iftiioc (1^ ' 

• Chirng niinh a snng song vdi b ma b vudng gdc vdi (Id | 


VDI: ('ho hinli chdp S.ABCl) irong do ABCI) la hinh chfr nhat, SA L (ABC'D). 
Al' va \l la dirdng cao cua tarn giac SAI^ va SAD. Chung minh SC i. (API ) 


(>iai 


S 


I- 


[• 


A 


D 


B 


C 


l a dn'rng minh SC 1 (Af’F) (\em Hinh 126) 

1 luo gia thi4t SA 1 (ABCD), (ABCD) 3 BC 
BC 1 SA (I) 

LaidoBClAB (2) 

(1) v'a (2) cho ta BC' 3 (SAB), va vi vay BC 
L Al: oi Al: ihudc (SAB)) (3) 

1 hto gia thiet AE 1 SB (4) 

(3)v'a (4)::i> AEl(SBC) 

-3 SC 1 AE (5) 

Chrng niifih luemg tu ta cd SC 1 AF (6) 

{5)va(6)--r^SCl(AEF) 

VD2: Cho hinh chop S.ABCD cd day ABCD la hinh vudng canh a, SAB la tarn 

giac dtu, SC - a v/C Goi H la trung diem ciia AB. Chung minh SH _L (ABCD) 

Giai S 

SAB la tarn giac deu nen SH 1 AB (1) " 

Tachung minh SH i. HC. Fa c6: 

V3 3a' 


Hinh 126 


SH = a 


=> SH' 


HC- = HB- + BC- = a- + 


a 


5a“ 


r^SH' + HC ^2a'-SC^ H 

V(y ASHC vudng tai H, hay SH 1 HC (2) ' 

<1 va(2)=>SHl(ABCD) B c_ 

i(x£m Hinh 127) 


A 


K 


aC 

Hinh 127 


II. Ding toan 2: Chirng minh hai diro'ng th^ng vudng gdc nhau 


D 


Pfirang phdp: Ngoai cac phircmg phap da gidi tiiieu d cac muc trude, ta cd the 
sir -ding them 2 each khac sau day; 

• De chtnig minh duemg thang a vudng gdc vdi dirdng thang b, ta tim mat phang 
(PI chira b sao cho viec chirng minh a vudng gdc vdi (P) de thirc hien 

• Sir dung dinh li ba dirdng vudng gdc 
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VDl: Cho hinh ti'r dicn OAIK' co ha canli OA. OB. OC vuong goc tirng doi Ci'ii II 
la hinli cliieu vuong goc ciia O ICmi mp(ADC). CIn'rng ininh 

a) H la true tarn cua tam giac ABC 

>111 

b) -^ = - r- + -^ A 

OH' OB' OC' OA 


Giai 


a) OA ± OB. OA 1 OC OA ± (OBC) (1) 

Vi BC e (OBC), nen (1) OA 1 BC (2) 

UidoOH-L(ABC)=>OH±BC{3) H 

(2) va (3) => BC 1 (OAH) => BC 1 AH O ^C 

Chung minh tuemg tvr ta c6: AB 1CH 

V|y H la tryc tam ciia tam giac ABC (xein Hinh 128) , ‘K 

b) Gpi K = AH n BC =:> AK X BC 

Tam giac vuong OBC c6 OK la dirong cao B 

Ta c6: —^ Hinh 12» 

OK' OB' OC 

Lai do OH la dirang cao ciia tam giac vuong OAK ta c6: 

OH' OK' ^ OA' OB'^OC' OA' 

VDl: Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh a, S,AB la tam 

giic deu, SC = a V 2 . Gpi H, K Ian lugt la trung diem cua AB va AD 

a) Chung minh SH X (ABCD) 

b) Chumg minh AC X SK 


a) Xem VD2 phan dang toan 1 

b) SH X (ABCD) AC X SH (3) 

L^i do ABCD la hinh vuong nen AC X BD 
M$t khic HK // BD 
=> AC X HK (4) 

(3) va (4) => AC X (SHK) => AC X SK 

III. Dfng to4n 3: Thiet difn qua mpt diem cho truo’c va vuong got v 61 dvirng 

thang cho trufre __ 

Phutmgphdp: Thuong su dyng cic tinh chat sau dc xac djrih cac dos^n gijao tuyen 

• Cho cac duerng thing a, b, va m^t phing (P) 

Neu a ± b, (P) ± b, a cz: (P) => a // (P) 

• Cho ba mil piling (P), (Q), (R) phan bi^t va (Q) n (R) = a, (Pi r') (Q) ^ b, 
(P)n(R)-c. 

Neu a, b, c phan bi^t va (P) // a thi a // b // c 
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s 


V'l): ( ho liiiih c hcip S.AHC co ctaN AH( la tain uiac \iioiiu can dmli li. Al^ ^ a. SA 
\iK ic uoc \cVi (ABC ) '.a SA a va . M ia ilic-in ticii canli AH. dal AM \ (0 - \ ■ a). 
( H.'i (I’) la mai phaiig cpia M \ a \ iidiia jaoc \oi Ali 

a) Xiic dinh tliicl diin cua (B) va liinh chop 

b) I Mill tliicl dicn noi Iren thco a va \. Dinh \ dc dicn tich na\ Ian nhat 

(oai 

a) (ipi N. P, Q Ian lircrt la giao dicin cua (P) vai AC'. SCA SB (\em Hinh I29) 

Vi BC 1 AI5va(P)AAB^BC//{P) 

.:v MN '/ BC / QP 

Vi SA .! (AIK ) a::. SA A AB SA // (P) 

=> MQ // l>N /' SA 
Vay MNPQ la hinh binh hanh 
Lai do SA 1 BC nen MQ IMN 
Vay MNPQ la hinh chfr nhat 

b) -Ap dung dinh li Talet ta ccS 

MQ BM _ a - X 

SA ' iIa 

=> MQ = - -- .SA = (a - \) \l3 

a 

MN AM X ^ , X 

-=-= -z:>MN = -BC = X 

BC AB a a 


A 


Q' 

M' 


N 


B 

Hinh 129 


=> 


S(MNPQ) = /3x(a- X) 


Vi X + (a - x) = a, nen S dat gia trj Ian nhat o \ a - x o x 


a 


Khi do gia Iri Ion nhat cua S la 


, V3a- 


C 


CAU HOI TrAC NGHIEM 

Cau 1: Trong cac m^nh de sau, menh de nao dung, mcnh de nao sai? 

(Ai Mot dut'yng thang vuong goc vai hai dircmg thang phan biet thuoc mot m$t 
phiing thi no vuong goc vai mat phSng do dung, sai 

(B* Neu dirang th^ng a song song vai mp(P) va dirang thang b vuong goc vai 
mp(P) thi a vuong goc voi b diing, sai 

iO Neu dutrng thang a song song vai mp(P) va dirang thdng b vuong goc voi a 
thi b vuong goc voi (P) diing. '; sai 

(Di Neu dircrng thSng a song song vai dirirng thang b va b song song vai mp(P) 
thi a song song hoac thuoc (P) diing, sai 
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Cau 2: Trong cac nienh de sail, mgnh dc nao dung, menh de nao sai? 

(A) Hai duang thang phan bict cung vuong goc vai mot mAt phang thi so ig 

song nhau dung, sai 

(B) Hai dirong thang phan biel cung vuong goc vai duang thang thir bathi song 

song nhau dung, sai 

(C) MAt phang (P) va duang’thAng a khong thupc (P) cung vuong goc vai 

duang tliAng b thi song song nhau dung, sai 

Cau 3: Cho hinh chop S.ABCD trong do ABCD la hinh chu nh$t, SA 1 (ABCD). 
Trong cac tam giac sau tarn giac nao khong phai ia tarn giac vuong? 

(A) ASAB (B) ASBC (C) ASCD (D) ASBD 

Cau 4: Cho tu di^n ABCD c6 AB J_ CD va AC 1 BD. H la hinh chieu viong goc 
cua A len (BCD). Cac khAng dinh sau, khang djnh nao sai? 

(A) CD ± (ABH) (B) AD 1 BC 

(C) H la true tarn tam giac BCD (D) Cac khAng dinh a (A), (B), (C) deu sai 
Cau 5: Cho hinh chop S.ABCD c6 day ABCD la hinh thoi tam O vi SA 1 
(ABCD). Chon khAng djnh sai 

(A) SA 1 BD (B) SC T BD 

(C)SOIBD (D) AD ISC 

Cau 6: Cho hinh chop S.ABCD c6 ABCD la hinh thoi va SA = SC. Chcyi khAng 
djnh dung 

(A) AC 1 (SBD) (B) BD 1 (SAC) 

(C) SO 1 (ABCD) (D) AB 1 (SAD) 

Cau 7: Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh, tam gac SAB 
vuong tAi A, tam giac SCD vuong tai D. Chpn khAng djnh sai 
(A) AB 1 (SAD) (B) AC = BD 

(C) SO 1 (ABCD) (D) ABCD la hinh chu nh^t 

Cau 8: Cho hinh chop S.ABCD trong do ABCD la hinh chir nh^t, SA 1 (\BCD). 
AE va AF la duang cao cua tam giac SAB va SAD. Chpn khAng djnh dung' 

(A) SC 1 (AED) (B) SC i (AFB) 

(C) SC 1 (AEF) (D) SC 1 (AEC) 

Cau 9: Cho hinh chop S.ABC thoa mAn SA = SB SC. Gpi H la hinh chiej vuong 
goc cua S len (ABC). Chpn khAng dinh dung? 

(A) H la tam duang tron npi tiep tam giac ABC 

(B) H la trpng tam cua tam giac ABC 

(C) H la tam duang tron ngo^i tiep tam giac ABC 

(D) H ia tryc tam cua tam giac ABC 

Cau 10: Cho hinh chop S.ABC thoa mAn SA = SB == SC, tam giac ABC viiorg tai A. 
Gpi H la hinh chieu vuong goc cua S len mp(ABC). Chpn khAng djnh sai? 

(A) (SAH) n (SBH) = SH (B) (SAH) n (SCH) - SH 

(C) (SBH) n (SCH) = SH (D) AB 1 SH 
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Call II: Cho hinh chop S.AIU . IIS( 120 . , CSA 6(l", . ASIC OO", SA SB 
^ S( . (loi I |;i liiiih chicu \uonpg6c cua S Icn mcHAHC'l. C hor, monh detiuiiu 
(A) 1 la itoiic tain cua lam giac AfK’ (H) 1 la irunLi diem cua AH 

(C ) I la liuug diem cua AC (I)) I la truiiu diem cua BC 

Cau 12: C he hiuh chop S.AIK’ co dav AIK' la tarn giac deu. SA : (ABC). Cioi (IM 
la iiiai phanu qua B va vuong goc \di SC. Tliict dieu cua (I*) va liinh chop S.ABC la 
(A) Hinh thang \iuing (B) Tam giac deu 

(C) l am giac \u6ug (D) l am giac can 

Cau 13: Hinh ciiop S.ABC I) c6 da\ AITCI) la hinh vuong. Canh hen SA vuong 
goc vai dav. Mat phang qua A va vuong goc voi SC cat SB, SC. SI) theo tlurtu tai 
H. M. K. Tim menh de sai 

(A) All J SB (B) AK UK 

(C)HKc AM (n)Bn VHK 

Cau 14: Cho t u dien deu AfKT) canh 12. Cioi (P) la mat phang qua IT va vuong 
goc voi AI^. 1 hiet dien cua (P) va hinh chop co dien tich batig 

(A) 40 (B) 36 V2 (C) 36 C'3 (D) 36 

Cau 15: Cho tiT dien deu AFTCD canh a ^ 12. AP la duang cao cua tarn giac ACD. 
Mat phang (IH qua B va vuong goc voi AP. (P) cat mat (AC T)) cua tir dien ABCD 
theo dean giao tuven c6 dp dai 

(A)^ (B)8 (C)9 (D)6 

Cau 16: Cho hinh chop S.ABC. day ABC la tarn giac vuong tai B. Canh ben SA 
vuong goc voi day. Mat phang (P) di qua trung diem M cua AB va vuong goc vai 
SB. (P)cat AC, SC, SB Ian lupt tai N, P, Q. Tir giac MNPQ la hinh gi? 

(A) Hinh binh hanh (B) Hinh chCT nhat 

(C) Hinh thang can (D) Hinh thang vuong 

Cau 17: Cho liinh chop S.ABC c6 day ABC la tarn giac deu, O la trung diem cua 
duong cao AH cua tarn giac ABC. SO vuong goc voi day. Gpi I la diem tuy y tren 
doan OH (khong trung vai O, H). Mat phang (P) qua I va vuong goc vai OH. Thiet 
dien cui (P) va hinh chop la hinh gi? 

(A) Fam giac vuong (B) Flinh binh hanh 

(C) Hinh thang can (D) ITinh thang vuong 

Cau IJ: Tam giac ABC c6 BC = 2a, duang cao AD = a-v/2 . Tren duang thAng 

vuonjg goc vai (ABC) tai A, lay diem S sao cho SA = a V2 . Gpi E, F Ian lupt la 
trung dem cua SB SC. Di^n tich tarn giac AEF b4ng bao nhieu? 


V3 2 


(A) — 

(B ^ a 

2 

4 


1 , 

(C) —- if 

O 

(D) T a' 

2 
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Cau 19; Cho hinh chop S.ABCD, vai day AFiCD la hinh biiih hanh tain (). AD, SA, 
AB vuong goc timg doi. AD = 8 . SA == 6 . (P) la mat phaiig qua trung diem cua AB va 
vuong goc vai AB. Dien tich thiel dien cua (P) v 6 i hinh chop bang bao nhicu ? 

(A) 18 (B)I 6 (C)20 (D)!7 

Cau 20: Cho hinh chop S.ABCD c 6 day ABCD la hinh thang vuong lai A, co day 
Ion AD = 8 , BC - 6. SA vuong goc vai m$t phang (ABCD) va SA - 6 . Gpi M la 
trung diem c^nh AB. (P) la m^t phSng qua M va vuong goc vai AB. Tliiet difn cua 
(P) va hinh chop c 6 di^n tich bSng bao nhieu? 

(A) 10 (B)15 (C)I 6 (D)20 

Cau 21: Cho tur di$n SABC c 6 hai mat (ABC) va (SBC) la hai tarn giac deu canh a, 

V3 . ' 

SA == . M la diem tren canh AB sao cho AM = b (0 < b < a). (P) la m^t phang qua 

M va vuong goc vai BC. Thiet di?n t^o bai (P) va tir di^n SABC c(S di^n tich b4ng 

,A) (B) 3^*;- 

,C) 

16 4 

Cau 22: Cho hinh tur di^n OABC c 6 ba c^nh OA, OB, OC vuong goc tirng doi. Gpi 
H la hinh chieu vuong goc ciia O len mp(ABC). Chon khSng djnh sai 

(A) OA 1 BC (B) H la true tarn cua tarn giac ABC 

(C) -7- = -1— + —i- + —(D) 30H’ = AB- + AC- + BC= 

OH^ OB^ OC' OA' 

Cau 23: Cho tu di?n deu ABCD. Gpi a la goc giOra dirong thing AB va m^t phing 
(BCD). Chpn kh&ng djnh dung 

V3 V3 V3 

(A) cosa = — (B) cosa = — (C) cosa = —r (D) cosa = 0 

2 3 

Cfiu 24: Cho hinh chop S.ABCD c 6 day ABCD la hinh vuong canh a. SA vuong 

goc vai mp(ABCD). SA = ay/E . Gpi a la goc giura SC va (ABCD). Chgn khang 
djnh dung 

Vs 

(A) a = 45° ( 8)0 = 60° (C)cosa= — (D)a = 30° 

Cfiu 25: Cho hinh chop S.ABCD c 6 day ABCD la vuong c^nh a. SA vuong goc vai 
mp(ABCD). SA = a V6 . Gpi a la goc gifta SC va (SAB). Chgn khing djnh dung 

(A) tana = - 7 = (B) tana = - 7 = (C) tana = (D) a = 30° 

Vs V6 V7 

Cfiu 26: Cho hinh Ifip phuemg ABCD.A|B|C|D|. Gpi a la goc giOa AC| va 

mp(ABCD). Chpn khing djnh dung 

1 2 

(A) tana = ^ (B) a = 30° (C) a = 45° (D) tana = -p 

V2 V3 
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C'aiJ 27 ('ho hinh !a[) plumng ABC D.Ajl^C Cioi a la goc gifra AC i \a 
nip( \]\i '[)!) C'ln)ii khanu diiih diinu 


(Am.ik/ (H)(i 30'' ((')(/- 45" (l))tana-^ 

V3 

Cau 2S:C ln> hinh chop S AlU'l). dav AliC'I) la hinh Midng, mat ben SAB la tarn 
giac del co dubng cao SM \udng goc vai da) (ABC.4)) Cioi (/ la goc giua IM) \a 
(SAO). c’ln>n khang dinh dung 

/ 

(A) cis(t" - -- (B) sincx ^ —pr (C) a ^ 60** (D) cx ^ 30'^ 

2v2 2V2 

Cau 29:Ciio liinh lap phirang ABCD.AiB|C]I)i. Dirang thSng ACj vuong goc vai 
mat pharg nao dinVi da\? 

(A) (\iB,C D) (B) (A,CD,) (C) (A,DC,) (D) (A,BD) 

Cau 30:Cho hinh tur dien S.ABC c6 day ABC la lam giac deu canh a, SA ± (ABC) 
va SA = i. Gpi (P) la mat phang di qua S va vuong goc vcri BC'. Dien ti'ch ihiet di^n 
cua (P) vi hinh chop bang 


(A) 





(D) a- 


Cau 31: Tho hinh tu dien S.ABC c6 day ABC la tarn giac deu canh a, SA 1 (ABC) 
va SA . Goi (P) la mat phang di qua A va vuong goc vai trung tuyen SM 

cua tarn pac SBC. Thiet di^n ciia (P) va hinh chop c6 di^n tich bang bao nhieu? 


(A) 


rV6 


16 


(B) 


.^6 

8 


(C) 


a' 


(D) a- 


TRA LCI 
Cau 1: 

(A) KiSng djnh sai. Phat bieu diing nhir sau: Mgt duang thfing vuong goc voi 
hai duanj th3ng cat nhau thuoc mot mSt phSng thi no vuong goc veVi mdt phSng do 

(B) KiSng djnh dung 

(C) KiSng djnh sai. 

(D) KiSng djnh dung 
Cau 2: 

Khamj djnh (A) dung. Khang djnh (B) sai. Khdng dinh (C) dung 
Cau 3: (Fan dpc tg ve hinh) 

SA l(ABCD), (ABCD) 3 AB SA 1 AB, Vay ASAB vuong t^i A 

Nh^in ;et; AB la hinh chieu vuong goc cua SB len (ABCD ), ma BC ± AB, theo 
djnh li baduang vuong goc BC 1 SB, vay ASBC vuong tgi B 

Churnf minh tircmg ty ta c6 ASCD vuong tai D 

DS: (») 
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A 

r 


I 


D 


Cau 4: (xern Hinh 130) 

Ta clu'riig minh khang dinh (A) dung 
Vi AH 1 (FK;D) C[) 1 AH 
Mat khac CD ± Af3 
Vay CD1(ABH)(1) 

Vay khang djnh (A) dung 
Cangtir(l)tac6CDl BH B 

Chiing minh tirang tir BD1 CH 

Vay H la true tarn cua BCD, khang dinh (C) diing . H 
Ta c6: BC 1 DH, BC 1 AH => BC 1 (ADH) 

BC 1 AD 

Khang djnh (C) dung C ‘ 

DS: (D) Hinh 130 

Chii y; Vdi cau trje nghiem nay. ta chi can khao sat mot trong ba kluing dm! 
(hoac (A), ho$c (B), hoac (C)). Neu khang djnh dang xet la dung thi ta chon (D) 
neu khang dinh dang xet la sai, thi ta chon khang djnh nay 
Cau 5: (xem Hinh 131) ^ 

(A) SA i. (ABCD), BD c (ABCD) 

SA 1 BD 

Khing djnh (A) dung 

(B) Hinh chieu vuong goc ciia SC len 
mp(ABCD) la AC. Theo tinh chat cua hinh 
thoi thi BD ± AC 

Theo djnh li ba dudmg vuong goc SC 1 BD 
KhSng dinh (B) dung 

(C) Theo dinh li ba duemg vuong goc, 
khSng dinh (C) dung 

DS: (D> 

Ciu 6: (xem hinh 132) 

Ta churng minh khSng djnh (A) dung. 

Theo tinh chat cua hinh thoi: AC ± BD (I) 

Vi SA = SC nei; tarn gidc SAC can. Tam 
gidc can SAC c6 trung tuyen SO con la duomg 
cao, v^y AC 1 SO (2) ^ 

(1) va (2) cho ta AC 1 (SBD) 

DS: (A) 

O 


A 


'>E 


/ 


O 




B 


V-', 


C 


Hinh 131 

S 


B 


D 




''C 


Hinh 131 
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C'au 7: (vcm Hiiifi 1 33) 

(A)(1) i SI) va('I) / AB > AB i SI) (1) 
I hctmia Iliicl AB 1 SA (2) 

( 1 ) \ ; (2) c> Afi i (SAD). ^ ^ 

(D) l icd can a. Ali :(SAI), > Ali i AD 


^ H.ili binh hanh A IK'D la h. aii chfr nhal 


> At. BD Kliang tliiih (13) Juiiy 
(C) K’lang diiih (C) la sai. I’hai vav, goi K !a 
hinb chicii vuong goc cua S len Ai) ta do dang 
chi'rng ninh rang SK 1 (ABC'D). Do SO ,L 
(ABCD)dii O ^ K- dieu nay klidng the \a\ ra 
l)S:( ) 

Cau 8: (:em Dinh 134) 

Ta chrng minti SC 1 (ACF) 

1 heo *ia thiet SA 1 (ABCD). (ABCD) ^ BC 


r> BC 1 SA 

(1) 

Tai d( BC 1 AB 

(2) 

(1) va(2) cho ta BC 1 (SAB). \ a 

1 \ i \ av 

BC 1 \li (vi AI: thuyc (SAB)) 

(3) 

Theo da thiet AE 1 SB 

(4) 

(3) va(4)z:> AEl(SBC)z-SC 

i.Al- (5) 

Chirn^ minh tircrng tu ta c6 SC 1 

AF (6) 


(5)va,6)3^SCl(AEF) 

DS: (C) 

Cau 9: (?em Hinh 135) 


D 


K 


O 


Minh 133 

S 

f 

F 

[■: 



c 

Hinh 134 


Nh^n ;et rang: Hinh chieu cua SA, SB. ‘'C len mp(ABC) la HA, HB, HC 
Theto ga thiet: ^ 

SA = JB = SC 


Viv9>HA = HB = HC 
H caci deii ABC, vay Fi la 
tarn dif'cng tron ngoi^i tiep tarn 
giac ABC 

DS: (C) 



B 


Hinh 133 



Cau 10: 

Theo cau tren thi H la tarn ducrng tron ngoai tiep tarn giac vuong AF3C, way H I 
trung diem ciia tarn giac ABC. 

V|iy khang djnh (C) la sai. M^t phSng (SBH) va (SCH) triing nhau 

DS: (C) 

Cau 11: (xem Hinh 136) 

Vi SA = SB = SC nen I la tarn ducrng Iron 
ngo^i tiep tarn giac ABC 

Muon xem 1 la dilm d$c bi?t gi ciia tarn giac 
ABC ta xem hinh d^ing cua ABC bfing each ti'nh 
ede c^nh 

Gpi a = SA = SB = SC. Ta c6: 



Tam giac SAB vuong can t^ii S cho ta AB = a -Jl 
Tam giac SAC can va c6 goc d dinh bang B 
60® nen la tarn giac deu, vay AC = a 

Ap dpng djnh li Cosin cho tarn giac SBC ta c6; 

BC^ = SB^ + SC- - 2SB.SC.cos 120" = 3a~ 

Vi BC^ = AB^ + AC^ nen tarn giac ABC 
vuong t^i A va do do 1 la trung di^m ciia BC 



A 

Hinh 13(6 


DS: (D) 

Cau 12: (xem Hinh 137) 

Gpi I la trung diem AC va gpi H la hinh chieu 
vuong goc ciia I len SC, khi do ta c6: 

B11 AC (do ABC la tarn giac ddu), 

Bl ± SA (do SA 1 (ABC)) 

^ Bl 1 (SAC) Bl 1 SC 
Ma !H ± SC (theo each lay diem H)- 

SC 1 (BHI). Do v^y (P) la (BHI) va thilt 
dipn can tim la tarn giac BHI 

R6 rang BHI vuong t^ii I (do Bl 1 (SAC)) 

DS: (C) 

Cfiu 13: (xem Hinh 138) 

BC 1 (SAB) => HA 1 BC (I) 

SC 1 (AHM) r:> HA 1 SC (2) 

(I) va (2) => HA 1 (SBC) => HA 1 SB 



\ 




\ 

H\ 


N' 


\ 





C 

Hinh 137 


Khang djnh (A) dung 

BD 1 AC (tilth chat ciia hinh vuong) nen theo djnh li ba dutn g ^uiotg g6< 


BDl SC 

Mat khac (AHM) 1 SC BD // (AHM) 
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I.ai Jo(SBD), m AHM)- HK 

r:> IK // BD 

KhcTig djnh (D) dung 

Mat khac Bf) L SC ro HK i AM 

Kha)g djnh (C) dung 

f)S:(B) 

Cau 14: (\em Hinh 139) 

Goi M la trung diem cua AD, ta c6 BM J_ 
AD, CM 1 AD (trung tuyen cua tarn giac deu 
con la (fucrng cao) vi vay AD ± (BCM) B 

Do Jo thiet di?n cua (P) va hinh ti'r di^n la 
tarn gia: BCM 

V3 


s 


M 


K 


H 


Ta c3 BM = CM = 12 


= 6^5 


B 


Ggi < la trung diem cua BC, ta c6 MK 1 BC. 
Thee dinh li Pitagor 

MK= ^/MC- -CK- 

= Vl08-36 =6^/2 

S BCM) = - BC.MK = 36 V2 

2 

DS: B) 

Cau 15 (xem Hinh 140) 

Ggi 3 la hinh chieu vuong goc cua B len 
(ACD),ta CO H la tarn duerng tron ngo^i tiep 
tarn g iac deu ACD 

Qua H dung duemg thang song song vdri 
CD cat sc, SD Ian lir(?t t?i M, N. 

Ta c) thiet di^n cua (P) va hinh chop 1^ 
tarn giiac BMN 

(Bi^ndc^c hSy chung minh chi tiet ket luan nay) 
Thtec djnh li Talet ta c6 
m ^ AH ^ 2 
CD ' AP " 3 


B 


A 




Hinh 138 

A 

A, 


-i 




K 


Hinh 139 

A 


C 


M 

-K 


V-?'' 

t I 
I I 

S ! 


'C 


N 


M 




\ 




VN = 8 


Hinh 140 



Cau 16: (xem I linh 141) 

AB la hinh chieu vuong goc cua SB len (ABC ) 
Vi BC 1 AB =^> BC 1 SB 

BC // (P) (vi Cling vuong goc vai SB) 

=> MN // BC // PQ 

Vi BC 1 SB, BC 1 AB =5- BC 1 (SAB) 

=:> P01(SAB)(do PQ // BC) 

=> PO 1 MQ 

V§y MNPQ la hinh thang vuong 
DS: (D) 

Cau 17: (xem Hinh 142) 

BC 1 OH, (P) 1 OH => (P) // BC 
SO 1 OH, (P) 1 OH => (P) // SO 
(P) n (SBC) = PQ ^ PQ // BC 
(P) n (ABC) = MN => MN // BC 
MN // PQ 

V$y MNPQ 1^ hinh thang ^ / 

Do ABC la tarn giac deu nen I la 
trung diem cua MN 

PQ cat SH tai K, SBC la tarn giac can 
nen K la trung diem cua PQ. Lai do IK // 

SO nen IK 1 MN 

Vay MNPQ la hinh thang can 
DS: (C) 5 

Cau 18: (xem Hinh 143) 

BC 1 AD, BC 1 SA (do SA1 (ABC)) 

=> BC 1 (SAD) 

EF // BC (dirdng trung binh cua tarn gi^c) 

30 EF1 (SAD) 30 EF 1 AH 

AH - - SD = a; EF = a 
2 


•B 

Hinh 141 


Hinh 142 



S(AEF) = 


- EF.AH = - a^ 

2 2 


»S: (D) B 

CSu 19: (xem Hinh 144) Hinh 143 

G<?i N, P, Q Ian lugrt la giao diem cua (P) vai SB, SC, CD. 

Do (SAD) 1 AB =o (P) // (SAD) 30 MN // SA 

Do do MN la du(mg trung binh cua tarn giac SAB nen MN = 3 
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Cungdo ([>) // (SAD) r_r> MQ I' AD MQ 8 

Do d, NI> // M(; va NP = 4 

I hict dicn ciia (P) va hinh chop la hinh thaiig 

\u6tig ta M \ a N: !V1NP(^ 

„ NP + MQ 

Vi va-: S(MNP(;) = MN. -^ 

= 3.6= 18 

DS: (\) 

Cau 20: xem Hinh 145) 

Ggi gao diem ciia (P) vai SB, SC, CD b 
I an luoi li N, P, Q 

AT I AB (hinh thang ABCD vuong), 

AE 1 SA (do SA 1 (ABCD)) 

AE 1 (SAD) 

V 9 > (r)//(SAD), nen: 

MN //SA; MQ//AD// BC va vi vay MO//NP 


S 


N 


A 


M 


Hinh 144 


Vay fvNPQ la hinh thang vuong tai M 

SA , BC 

va Mh =-= 3; NP =- = 3 

2 2 

2 

(tinh ciat dirong tning binh) 


N 




M 


B 


NP + MQ 

V^y S(MPO) = MN.-^ = 3.5 = 15. 

DS: (E) 

Cau 21: (:em Hinh 146) 

Gq\ O a trung diem BC, de dang churng 
minh durgi (SAD) 1 BC (P) // (SAD) 

Thet di^n la tarn giac MFE dong 
dang va i tim giac ASD 

De c lung minh dugrc rang ASD la tarn 


C 

Hinh 145 


/ 


C 


y. 


'Jac deui cmh a 




B 


■»/ 


S( S.vD) == 


3v^a- 

16 


D 


S.(NFE) ME,, a-b,, 
i = -)- = (-)- 

S<S\D) AD a 


M 


C 

Hinh 146 





3V3i 


a 


=>S(MFE)=(—)' —— 

a 16 

DS; (C) 

Cau 22: (xem Hinh 147) 

OA 1 OB, OA 1 OC => OA 1 (OBC) (I) 
Vi BC c (OBC), (I) => OA 1 BC (2) 
KhSng djnh (A) dung 
Ui do OH 1 (ABC) =:> OH 1 BC (3) 

(2) va (3) => BC 1 (OAH) =:> BC 1 AH 
Chung minh tuong Hr ta c6: AB 1CH 
H la tr\rc tam cua tarn giac ABC 
Khing djnh (B) diing 
Van de con l^i la ti'nh OH 
Tam giac vuong OBC c6 OK la duong cao 
1 1 1 


A 


O 


ta co: 


+ 


B 


OK^ OB^ OC^ 

L^i do OH la dirong cao ciia tam giac vuong OAK, ta c6: 


K 

Hinh 147 


C 


1 


1 


OH- 


OK' 
1 


+ 


1 


+ 


OA' 
1 


+ 


1 


OA 


OB' OC' 

DS; (D) 

Cau 23: (xem Hinh 148) 

Gpi H la hinh chieu cua A len m$t ph&ng (BCD). 
Goc giQ-a AB va (BCD) la goc giCra AB va BH 
Vi AB = AC = AD nen HD = HB = HC 
va vi v|iy H 1^ tSm duong tron ngofii tiep tam 
gidc deu BCD nen cung 14 trpng tam cua tam 
gi4c BCD 

^ x/3 

.a = —a 


B 


2 2 

BH = - BM = - 
3 3 


cosa = 


2 3 

Tam gi4c ABH vuong t^i H, ta c6: 
BH _ V3 
AB 3 

DS: (B) 

Cau 24: (xem Hinh 149) 

Vi SA 1 (ABCD), nen a = 



Hinh 148 


150 



A ( .1 \2 (clutrng clico ciia liinli \uonu canli a) 

I MW u ac SAC' vuong ta A ta c6: 

SA aN/6 


av2 


o. 60' 


Hinh 149 


t)S: (B) 

Cau 25; i\em Hinh 149) 

BC 1 \[i (gia thiet) (1) 

SA I ABCD) (gia thiet) => BC L SA (2) B 
(l)va,2)z>BC-L(SAB) 

Vay gjc giira SC va (SAB) la BSC 

Tam giac SAB vuong tai A, theo dinh If Pitagor: 

SB' SA- + AB- = 6a- + a’ = 7a- 

Tam pac SBC vuong tai B la c6: 

— BC 1 

tana = tan BSC = - = 

SB V? 

DS: (C) 

Cau 26: ixem Hinh 150) 

Vi CC| -L (ABCD), nen goc giCra AC| va 
(ABCD) a CAC, 

A|> 

Ta CO 

AC =a\/2 . Tam giac ACC| vuong tai C 
ta c6; ! 


tana = tan CAC, =- - = \ i 

AC V2 

(W Hinh 150 

Cau 27: 

Vi A|0| 1 (ABB,A|) => AiD, 1 AB, 

M^l kiac ABj I AiB (tinh chat cua hinh vuong) 
r> At, 1(A,FK'I),) 

Vay pc giua ACi va nip(A|BCD|) la goc giira AC| va OK va bang goc 
1am liac Ci ABivuong tai B|. Vay: 

AB[ aV2 fz 

laia =-^ =-= v2 

C.B, a 


ACiB, 


= V2 


OS: (V) 
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Cau 28: (xem Hinh 151) S 

Ke duang cao BK ciia tam giac SAB ta c6 
BK1SA(*) / 

Vi SH 1 (ABCD). (ABCD) 3 AD 
=>AD1SH(I) / ^ 

khac AD 1 AB (2) 

(I)va(2)=> AD1(SAB)=> ADI BK(3) 

(♦) va (3) => BK 1 (SAD) 

V§y goc giCra BD va (SAD) la goc KDB I ^ 

Ta c6: BD = a-v/2 (dirang cheo ciia hinh i _ 

vuong c^nh a) ® 

V3 

BK = a-^ (dirong cao ciia tam giac deu c^nh a) 

Tam giac BKD vuong t^i K ta c6: 

. BK V3 


Hinh 151 


sina = sin KDB = 


2V2 


DS: (B) 

Clu 29: Ta chiing minh cau (D) dung / 

Hinh chieu ciia AC| len (ABCD) la AC. / 

BD thu^ (ABCD) va BD 1 AC. 

Theo djnh li ba dudmg vuong goc ta c6 ^ 

BD ± AC) (1) (xem Hinh 152) I 

Tircmg Hr, hinh chieu ciia ACi len i ^ 
(ADA|D|) la AD|. A|D thupc (AA|D D,) 
va A|D i. AD|, theo djnh li ba duang 
vuong goc ta c6 

A,D1AC,(2) L ^ 

(l)va(2)=> AC|1(A|BD) ' 

DS: (D) 

Cau 30: Gpi M la trung diem ciia BC (xem Hinh 153), ta c6 
BCIAM (1) 

SA 1 (ABC) => SA1 BC (2) 
(l)v^(2)=>BC±(SAM) 

V^y (P) la mat phSng (SAM) va thiet dipn 
can tim la tam giac vuong SAM 

Ta c6 SA = a, AM = . vay: 


Hinh 152 


Hinh 153 
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S(SAM) SA.AM 

l)S: (A) 

C’au 31: 


a V 
4 


(ioi M la irunp dicni cua IK’. Fa c6 AM ^ a 

1'ain giac SAM can lai A. (ioi K la irung 
diem cua SM ta cd Ak _L SM (.\ein Hiiili 154) 
I'lr K \e dirdiig thang song song \6i BC 
cal SB. SC laii lu\rt lai C. F 

Ta de dang clu'rng minli dirge SM 1 (ATF) 
Vay (P) la mat phang (AF.F). \a tliiel dien 
la tarn giac AFF 

L^e dang clu'rng minh dirge lam giik AFF 
can tai A c6 duang cao AK 

Tam giac SAM viiong can tai A, ta c6: 

SM - VC\- + AM- =a — 


V3 


=> AK = a 


V6 


s 


E 




K 


C 


M 


B 

Hinh 1S4 


EF = F BC = F a 

2 2 

1 a' yl6 

Va^ S(AEF) = - AK. EF = —^ 
■' 2 16 


DS:(A) 
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§4. HAI MAT PHANG VIJONG GOC 


TOM TAT Li THUYE T __ _ 

I. Goc giira liai mat phdng: 

1. Goc piira hai mSt phing la goc giua hai dirang thSng Ian lurgi viiong goc vai 
hai m$t ph^ng do 

Neu hai m$t ph§ng song song ho$c trung nhau, ta noi goc giua chiing bSng 0*' 

2. Cach xac djnh goc giua hai m§t phAng: Cho hai m$t phSng (P) va (0) Ctlt 
nhau theo giao tuyen c. Tir diem 1 thu^ c ta ve duang ihAng a thu^ (P) va vuong 
goc vai c va duang th^ng b thugc (0) va vuong goc voi c. Khi do goc giua a v a 
b la goc giua (P) va (Q) 

3. Gpi S la dien tich da giac n^m trong (P), S la dien tich hinh chieu cua da giac 
do len (0). (p la goc giua (P) va (0)- Ta c 6 ; 

S = S.costp 

II. Hai mit phing vuong g6c: 

1. Djnh nghfa: Hai mht ph^ng dugc gpi la vuong goc neu goc giua hai m$t 
phing do 1 ^ goc vuong 

2. Tinh chat: 

a) Dieu ki^n can va dii de hai mSt phSng vuong goc nhau la m|it phSng nay 
chua ducmg thing vuong goc vai mil phing kia 

b) Neu hai mit phing vuong goc nhau thi duang thing nao nim trong mpt 
m$t phing va vuong goc vdi giao tuyen thi vuong goc vdi m^t phing con l^i 

c) Cho hai phing (P) va (Q) vuong goc nhau. Neu tir m^t diem thu^ 

m$t phing (P) ta ve duang thing vuong goc vai mit phing (Q) thi duang thing do 
thuQC m^t phing (P) __ 


CAC DANG TOAN CO BAN 

I. D^ng toin 1: Tinh g6c gi&a hai phing 

Phmmg phdp: D\jmg goc giu'a hai m^t phing (xem phan li thuyel), qui ve tinh 
toin trong mjt phing. Chu y djnh li sin, cosin, ti so lugmg giac ... __ 

VDI: Cho hinh chop tarn giac deu S.ABC vdi SA = 2AB. ^ 

Tinh goc gi&a (SAB) va (ABC) / j \ 

Giai 

Gpi M la trung diem ciia AB. Taco; (xem Hinh \ S5)/ j j 
SM 1 AB (do tarn giac SAB can tai S), / j 

CM 1 AB (do tarn giac ABC deu) j 

V§y goc giua (SAB) va (ABC) bing goc SMC j 

D$t AB = 2a j 

Tam giac SMA vuong t^i M, theo djnh li j 

Pitagor ta c 6 : 

SM‘ = SA‘ - AM“ = 16a" - a" 15a‘ B " 155 
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( M a v’3 (cliiang cat) cua tarn giac dcu canh 2a) 

SM' + MC- - SC’^ _ 15a ’ + 3a - 16a ' 1 

2.SM.MC 2.a/l5a.v'3 3^5 

VI)2: Clio tu dicn ABCD c6 BCD la lam giac dC’ii caiili a. AB \u6ng goc vai mat 
phatig (BCD) va AB ^ 2a, I inh goc giua hai mat phang (BAC) va (DAC) 

Giai 

Goi I la trung diem cua BC' (xem Hinh 156) A 
Ta ctS; 01 J BC va (BCD) 1 (ABC) 

Ner: 1)1 l(ABC) 

Vi )Sy: D1 1 AC (1) 

Gpi J la hinh chieu vuong goc cua I leti AC, ta c6 
AC i IJ (2) 

(I)/a (2)AC 1 (DU) AC 1 DJ 

Va) goc giira hai mSt phang (BAC) va (DAC) 1 

la goc IJD ^ ^ 

. . ^ 2a 2 

I a ;o: sin ACB = —= - 7 ^ 


lx/5 x/5 


J = 1C.sin ACB = —.—f= = —f= 

2 Vs Vs 


Hinh 156 


V3 

— DI ^ 2 VTS 

==> an IJD = — = —— =- 

JI a 2 

s 

II. Daig toan 2: Chirng minh hai mat phang vuong goc 


Phrffng phdp: De chiing minh hai mat phang vuong goc c6 the sir dyng hai 
each siu 

• Chirng minh trong mjt phang nay chira duerng thang vuong goc voi m^t 
phang kia 

• Chirng minh goc ciia chiing bang 90" 


VDJrCho hinh tir dign ABCD c6 hai mat (ABC) va (ABD) ciing vuong g6c vai 
(DB)C. Cioi BE la di/inig cao ciia tarn giac BCD. 

Chrng minh (ABE) 1 (ADC) 

Giai 

Taco: (ABC) 1 (DBC), (ABD) 1 (DBC), 

(ABC)d(ABD) = AB 

=>AB.. (DBC)i^ ABlCD(.vem Hinh 157) 
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Mat khac Bli ± CD 
^ CD 1 (ABIi) 

Lai do (ADC) 3 CD 
Nen(ABE)l(ADC) 

VD2: Clio hinh chop S.ABCD c6 day ABCD la 
hinh chir nhat. SA vuong goc vai (ABCD). Gpi 
B| va D| la hinh chieu ciia A len SB. SD. 
Chung minh (AB|D|) vuong goc voi (SBC) va 
(SCD) 

Giai 

BCiSA(do SA±(ABCD)) 

Va BCl AB 
=> BCl (SAB) 

=> BC 1 ABi 

Lai theo gia thi4t: AB| 1 SB 
Nen; AB, 1 (SBC) 

Vi vay (ABiD,) 1 (SBC) 

Chung minh tuong ty ta cung c6 
(AB,D,)1(SCD) 


A 



B C 

Hinh 158 

III. D^ng toin 3: Thiet difn vudng g6c voi mpt m^it ph&ng 


Phmrngphdp: Trong phan nay ta chii y djnh li: 

• Neu ducmg thang a va m^t phSng (P) ciing vuong goc voi mSt phSng ( Q) 
thi a chiia trong (P) hoac a song song voi (P) 

• a // (P), a c (0), (0) n (P) = b => a // b 


VDl: Cho hinh chop S.ABCD c6 SA 1 (ABCD), S 

SA = a. ABCD la hinh vuong c^nh a, tarn O. Xet ^ 

m$t phang (P) qua SO va vuong goc voi (SAD). 

Tinh di?n tich thiet di^n ciia (P) va hinh chop 

Giai 

Gpi I, J theo thu ty la trung diem cua AD va BC 

R6 rang IJ qua O (xem Hinh 159) ^ - 

Vi ABCD la hinh vuong nen IJ 1 AD q 

Vi SA 1 (ABCD) => (SAD) 1 (ABCD) ' " ^ . ' J 

Lai do (SAD) n (ABCD) = AD, IJ c (ABCD) 

=> IJ 1 (SAD) =5-(SIJ) 1 (SAD) d" 

Vgy thiet dicn can tim la tarn giac SIJ vuong tai I Hinh 159 
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\ a CO IJ " a 


'ySA- + AI 


ja’ -H ^ 

\ 4 


:> S(SI.I) 


a V> 


VI)2: ( ho liinli chop S AHC'I) co da\ AIK’l) !a hinh \udnu canh a. SA vuoiig goc 
vdi (AiK [)) \a SA a. (ioi (I*) la mat phang cpia Af^ va \udng goc \di (SC'D). 
Ti'nh dicn ti'ch thict dicii cua (1^) va hinh chop S.AIK’I) 

Ciai ^ 

Ta CO SA J (ABC’D) SA 1 DC 
Mat khac ( D L AD 

=:>CD1(SAD) H 

De thay lam giac SAD la lam giac vuong 
can lai A 

Gpi H la tmng diem cua SD, ta c6 AH C SD {1) 

(xcm Hinh 160) ’ E ^ 

Lai do CD I (SAD) => AH 1 CD (2) 

(1) va (2) AH 1 (SCD) ao (AIM!) 1 (SCD) 

Va\ (P) la mat phang (ARH) 

(ABH) va (SCD) c6 diem chung la II ^ 

Vi \B !■ ('D nen giao tuyen cua (ABH) va 
(SCD) la dinmg thang d qua H va song song vai CD Hinh 160 

Gpi E la giao diem cua d va SC 

Thiet dien cua (P) va hinh chop la hinh lhang ABEH vuong tai A, H 
SD= yfsA- +AD- =a>/2 

AH= 2sD- — 

2 2 


AH= -SD- 
2 


EH= -CD = - 
2 2 


S(ABEH) = AH 


AB + EH 




3V2a' 



IV. Daag to&n 4; iTng dung cua ph6p chieu vuong goc 


Phmmg phip: Trong phan nay neu ra mpt so hirdng ap dyng cong thirc: S = 
S.costp 

Ncu biet hai trong ba d^i luprng S, S, (p ta tinh dugre d^i lirgng con lai. D$c bigt 
d\ra V ac c6n§ thuc tren ta c6 the tinh dirpc goc (p giira hai mat phang ma khong can 
d(rng goc phang nay 
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VD: Cho hinh thoi ABCD c6 dinh A thugc mat phang (P), cac dinh khac khong 

thuQC (P), BD = a, AC = aV2 . Gpi B, C, D theo thir tyr la hinh chicu viu"Mig goc 
cua B, C, D len (P), bi^ ABC D la hinh vuong 

a) Ti'nh di^n ti'ch ABCD va ABCD» tu do suy ra goc giCra hai m§t ph^ng 
(ABCD) va(P) 

b) Gpi E, F Ian lugl la giao diem cua CB, CD vai (P). Tinh di^n tich cua tu giac 
EFDB va EFDB 

Giai 

a) Ta c6: 


S(ABCD)= ^AC.BD 


V2a' 


,C 


AC 1 DB => AC 1 DB (djnh K ba dixong vuong goc) 
L^i theo gi^ thiet DB 1 AC (xem Hinh 161) 

=> DB 1 (CAC) =:> DB 1 CC => DB 1 BB 

V^y DBBD la hinh chu* nh^t nen BD = BD = a / 

=> S(ABC D) = 0,5.B D^ = 0,5.a‘’ 

Gpi cp la goc giOa (P) va (ABCD) ta c6: E 

S(AB'C'D) = S(ABCD).cos(p 

,2 . 




o 


VB 


V / 


a 


=> coscp = 


S(ABCD) 


1 


S(ABCD) a'V2 V2 


=>(p = 45' 


!:/ 

1 

, ■' / 

F 

Hinh 161 


C’ 


B’ 


b) Vi BD // B D BD // EF // B D 

DB 1^ duong trung binh ciia tam giac CEF nen EF = 2DB = 2a 
Hinh thang EFDB c6 AO la duong cao nen 

S(EFDB) = AO. ^ — = -aV2(2a + a)= ^ 


S(EFDB) = S(EFDB). cos45“ = 


3a' 


CAU h6i trAc nghi$m 


Cfiu 1: Cho (P) \k (Q) la hai m§t phSng vuong goc nhau va giao tuyen cua chiing 
la dudng thfing m. Gpi a, b, c, d la c^c ducmg thSng. Trong cdc mpnh de sau, m^nh 
de n^o dung, mpnh de nao sai? 


(A) Neu a c (P) va a 1 m thi a 1 (Q) 

□ dung, 

i: sai 

(B) NSu b 1 m thi b c (P) ho$c b c (Q) 

n dung, 

L, sai 

(C) Neu c // m thi c // (P) ho$c c // (Q) 

□ dung. 

□ sai 

(D) Neu d J- m thi d 1 (P) 

□ dung. 

□ sai 


158 




(’au 2: C ho hai mat phang (!’) \a (Q) cat nliau \a diem M. Tn^ng cac mcnli de sau. 
mciih de nao dung? 

(A) ('6 du_\ nhat mot mat phang qua M va \udng goc vdi (P) 

{\])Vo v6 so mat phang qua M \a viu'mg goc \6i (1^} va \udng goc \di (Q) 

(C ) C o duy ulial mot mat phang qua M \ a viiong gtK' voi (I^) \a vudng gcK \(Vi (Q) 
(l)> Khdng CO mat phang nati qua M va \uong goc \oi (P) \a vuong giSc \ai (Q) 
( au I n>nu cac menh de sau. menh de nai> dung, menh de nao sai'/ 

(A) liai mat phang phan bict cung \u6ng goc \6i mol mat phang ihi song song 
nhau dung. sai 

(Hi llai mat phang phan biet ciing vuong goc \di mot dirbng thang thi song 
song nhau dung, sai 

(C) (.}ua mot diem c6 duy nhat mot mat phang vuong goc vdi mot mat phang 

cho trude dung, sai 

(D) Qua mol dircrng thang c6 du> nhat mol mat phang vuong goc vdi mot dirdng 

thiing cho trude dung, sai 

Cau 4; Trong cac menh de sau, menh de nao dung, menh de nao sai? 

(A) Qua mot diem c6 duy nhat mpt mat phang vuong goc vdi mot dudng thang 
cho trude dung, sai 

(Bl Neu duemg thang a vuong goc vdi b va mat phang (P) chi'ra a, mat phang 
(Q) chua b thi (P) vudng goc vdi (Q) dung, sai 

(C) Cho duemg thang a vudng goc vdi dudng thang b va b nam trong mat phang 
(P). Moi mat phang (Q) chua a va vuong goc vdi b thi (P) vudng goc vdi (Q) 

dung, sai 

(D) Cho dudng thang a vudng goc vdi mat phang (P), mpi m^t phang (Q) chua 

a thi (P) vudng goc vdi (Q) dung, sai 

Cau 5: Trong cac khang dinh sau, khang djnh nao dung, khang djnh nao sai? 

(A) Hinh lang try tarn giac c6 hai mat ben la hai hinh chu nh^t la hinh lang try 

dung dung, f j sai 

(B) Hinh chop c6 day la da giac deu va c6 ba canh ben bang nhau la hinh chop 

deu □ dung, n sai 

(O Ihnh hop ABCD.A,B,CiD, cd AB = a, BC = b, CC, = c. Neu AC, - BD, - B,D 

= v/a" + b" +c‘ thi hinh hop la hinh hop chu nhat dung, sai 

Cau •: Cho tu di^n deu ABCD. Goc giiJa (ABC) va (ABD) bang a. Chpn khartg 
djnh (ung 

(A) a = 60® (B) cosa = — (C) cosa = — (D) cosa == - 

4 5 3 

Cau Cho hinh chop tarn giac deu S.ABC vdi SA = 2AB. Gpi a la goc giua 
(SAB) va (ABC). Chpn khang djnh dung 

(A) cosa = (B) cosa = —^ (C) cosa = —^ (D) a = 60® 






4?5 
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Cau 8: Cho hinh chop tu giac deu S.ABCD c6 SA == AB. Goi a la goc giira hai mat 
ph§ng (SAB) va (AF^CD). Chon khang djnh dung 

1 I 2 

(A) a 60^ (B) cosa (C) cosa = -- (D) cos(X = — 

V3 3 5 

Cau 9: Cho hinh chop tu giac deu S.ABCD c6 SA == AB. Goi cx la goc giCra hai mat 
ph^ng (SAB) va (SAD). Chon khSng djnh dung 


(A) a - 60" 


2 1 2 

(B) cosa = — (C) cosa == - (D) cosa ^ ~ 

3 3 5 


Cau 10: Cho tarn giacABC vuong tai A, canh AB ^ a nam trong mat phAng (P). 

Canh AC = a yfz va tao vdi (P) goc 60". Trong cac menli de sau menh de nao dung? 

(A) BC t^o vdi (P) goc 60" 

(B) BC t^o vdi (P) gdc 45" 

(C) BC lao vdi (P) gdc 30" 

(D) Gdc giua hai mAt phAng (ABC) va (P) la 45" 

Cau 11: Cho hinh chdp S.ABCD cd day ABCD la hinh thoi canh bang a va gdc 


ZABC 


= 60". Cac canh SA SB, SC d6u bAng a 


2 


. Goi (p la gdc cua hai mAt 


phAng (SAC) va (ABCD). Gia tri tantp bAng bao nhieu? 

(A)5^^3 (B)V3 (C)2^/5 (D) 3 ^/5 

Cau 12; Cho hinh l$p phirong ABCD.A|B|C|Di. Goc giira hai mat phang nao sau 
day CO so do bang 45'’? 

(A) (ABCD) va (AAiBB,) (B) (ABAiB,) va (BBiCC,) 

(C) (ADB.C,) va (A|D,BC) (D) (ADB|C|) va (ABCD 

CSu 13: Cho hinh l^p phuong ABCD.A|BiC|D|. Goi a la goc giira hai m$t phang 
(ADB|C|) va (AA|CC|). Chpn khang djnh dung 

(A) a = 45'’ (B)a = 30'’ (C)a = 60'’ (D) a = 90'’ 

Cfiu 14; Cho hinh tur di$n ABCD c6 hai m(lt (ABC) va (ABD) citng vuong goc voi 
(DBC). Gpi BE va DF la hai ducmg cao ciia tarn giac BCD, DK la dirong cao ciia 
tarn giac ACD. Chpn khang djnh sai 

(A) (ABE) 1 (ADC) (B) (ABD) 1 (ADC) 

(C)(ABC)1(DFK) (D)(ADC)1(DFK) 

Cau 15: Cho hinh chop S.ABCD c6 day ABCD la hinh vuong cgnh a. SA vuong 


Q ' 

gdc vdi day va SA = —^ . Gdc giOra (SBC) va (ABCD) bAng bao nhieu? 

■v3 

(A) 30'’ (B)45'’ (0 60'’ (D) 90'’ 

CSu 16: Tir dipn SABC c6 (SBC) 1 (ABC). SBC la tarn giac deu canh a. ABC la tarn 
giac vuong t^ii A va B = 30'’. Gpi ip la goc giOa (SAB) va (ABC), chpn khSng djnh diing 

(A)tan(p = 2V3 (B) tanip = 3 ^/3 (C) ip = 60'’ (D) ip = 30'’ 
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Cau 17: ( ho hinh chop S.ABCD c6 day ABCD la hinh vuong canh a, SA vuong 
goc v(Vi AB(’n) va SA == a. Goc giira (SBC) va (SCO) bang bao nhieu? 

(A)fO'’ (8)30" (0 45" (0)90" 

Cau 18: Cho hinh chop S.ABC c6 day AIK'l) ia hinh vuong canh a. Canh ben SA 

vuong gK voi day va SA a . (ipi goc gii'ra (SBC) va (SC I)) la cf). ( hon kh^ng 
djnh sai 


(A) sn 


9 


(B) sin 


9 


4 


(C') cos 


<P 


(D) cos — 
1 


^/llO 


4 '2 4 2 4 2 4 

Cau 19: Cho hinh lap phirong ABCD.A|B|CjD|. Mat phang (AiBD) khong vuong 
goc vai njt phfing nao dirai day? 

(A) (U’C.A.) (B) (ABD,) (C) (AB,D) (D) (A,BC,) 

Cau 20 Cho hinh chop S.ABCD c6 day ABCD la hinh thang vuong tai A va D. 

AB ^ 2a AD = DC = a. Canh ben SA vuong goc voi day va SA - a 
Chof khaiig djnh sai 

(A) (SBC)i (SAC) 

(B) (SBC) t^o voi day goc 45** 

(C) (SDC) hop voi (BCD) goc 60'^ 

(D) Ciao tuyen cua (SAB) va (SCD) song song voi AB 

Cau 21:Cho tarn giac deu ABC c6 canh b^ng a n^m trong mhX ph^ng (P). Tren cac 
dircmg vJong goc voi (P) tai B, C Ian lirot lay D, E nkm cung mot ben doi voi (P) 

yf3 

sao cho 3D = a — , CE = a \/3 . Goc gi&a (P) va (ADE) bang bao nhieu? 

(A)5)" (8)45" (C)60" (D) 90" 

Cau 22:Cho hinh chop S.ABCD voi ABCD la hinh chu nhal c6 AB = a. AD = 2a. 
SA vuorg goc voi day (ABCD) va SA a. Goi (P) la m^t ph^ng qua SO va vuong 
goc voi SAD). Di^n tich thiet di^n cua (P) va hinh chop S.ABCD bang bao nhieu? 


(A) 


l-yfl 


(8) a- 


(C) 


a 




(D) 


a 


2 ' ' ' ' 2 ' ' 2 

Cau 23; Cho hinh chcSp tur giac deu S.ABCD, O la tarn cua hinh vuong ABCD, 
AB = a. SO = 2a. Goi (P) la m$t phang qua AB va vuong goc vai m9t phang 
(SCD). "hiet di^n cua (P) va hinh chop S.ABCD la hinh gi? 

(A> lam giac can (B) Hinh thang can 

(C> Pinh hinh hanh (D) Hinh thang vuong 

Cau 24:Cho tam giac can ABC c6 duang cao AH = a V3 , day BC = 3a. BC chua 
trong imit ph^ng (P). Goi A la hinh chieu vuong goc cua A len (P). Biet lam giac 
A BC vu'mg tai A. Goi (p la goc giCra (P) va (ABC). Chpn khSng dinh dung 

>/2 


(A)> 4) 


-0 


( 8 ) 60'^ 


(C) 30" 


(D) cos(|> 


■ 3 
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Cfiu 25: Cho tarn g\kc dlu ABC c^inh a. da, dc Ian luc^t la durcrng th&ng di qua B, C 
va vuong goc vdi (ABC). (P) la m^t ph§ng qua A va hgrp vai (ABC) goc 60* (P) 

cit ds, dc Ian lirgt t^i D, E. Biet AD = a-^, AE = a V3 . D$t a DAE. Chpn 

2 

kh^g djnh dung 
(A) a = 60® 


(B) a = 30® 


(C) sina = 


V6 


(D) sina 


V6 


TRALdl 
CSu 1: 

(A) Khdng djnh dung 

(C) Khfing djnh dung 
Cau 2: (C) 

Cau3: 

(A) KhSng djnh sai. 

(C) Khang djnh sai 
Cau 4: 

(A) M?nh de dung 

(C) M#nh de dung 
C&u 5: 

(A) Khing djnh dung 

(C) Khang djnh dung 
Cau 6: (xem Hinh 160) 

Gpi M la trung diem cua AB. Ta c6: 

^ •! 

DM 1 AB, CM 1 AB (trung tuyen ciia tam giac deu con la duomg cao) 

Vi v^y g6c gi&a (ABC) va (ABD) la goc DMC = (p 

V3 


(B) Khdng djnh sai 
(D) Khdng djnh sai 


(B) Khang djnh dung 
(D) Khang djnh sai. 

(B) Menh de sai 
(D) Menh de dung 

(B) Khang djnh dung 


Ta CO CD = a, DM = CM = a 

z 

Ap dung djnh li Cosin cho tam giac DMC ta c6 

DM'+MC'-DC 


D 






coscp = 


\, 


2DM.MC 


/ 


2 3 _ 2 


2a . — a 
4 


2 .a^ 


2 3 


]_ 

3 


M 




BS: (D) 


B ‘ 

Hinh 162 
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Cau 7: (xem Hinh 163) 

(jQi M la trung diem cua AB. Ta c6: 

SM 1 AB (do tarn giac SAB can lai S). 

CM 1 AF3 (do tarn giac ABC deu) 

Vay goc gifra (SAB) va (ABC) bang goc SMC 
DM AB - 2a 

1am giac SMA vuong tai M, then djnh 
ii Pitagor ta c6: 

SM^ = SA^ - AM^ = 16a-^ a-= I 5a- 

f- M 

CM - a V3 (difong cao cua tarn giac 
deu c^nh 2a) 

SM’ +MC' - SC’ 

cosa -- 

2.SM.MC 

= ISa- +3a^ -16a^ ^ _1_ 

2.aVr5a.V3 3^5 
DS: (A) S 

Cau 8: (xem Hinh 164) 

Goi M la trung diem cua AB, N la trung diem ciia CD 
Vi AD 1 AB va AD // MM => MN 1 AB 
Do tarn giac SAB deu nen AB 1 SM 
V^y goc gi&a hai m^t phSng (SAB) 

va (ABCD) la g6c SMN 

jx / ^ 

Ta c6: MN = a; SN = SM = a— / ^ 

2 Z.. 

(duong cao cua tani gi4c d6u) ° 

Ap dpng djnh Ii Cosin cho tam giac SMN ta c6 

SM'+MN-’-SN-’ MN-’ 


Hinh 163 


3V^ 




Hinh 164 


cosa = 


2SM.MN 


2SM.MN 


2.a'. 


^ V3 


DS; (B) 

Can 9: (xem Hinh 165) 

Gpi M la trung difim cua SA, ta c6 

BM 1 SA, DM 1 SA (trung tuyen ciia tam giac deu) 
MJlt khic (SAB) n (SAD) = SA 
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V^y g6c giGa hai m$t ph4ng (SAD) va 
(SAB) la g6c giCra hai dirong th^ng BM va DM 

V3 

Ta CO BM ^ DM = (dirdmg cao cua 

tarn giac deu canh a). BD = 3^2 (ducmg ch6o 
cua hinh vuong canh a) 

Ap dyng djnh li cosin cho tam giac BMD ta c6 
, BM^ +DM- - BD- , 


S 

•' \ 

/ ^ 

. M ■ 


B 


cosa = 


2.BM.DM 

a^--2a^ 

2 


, 3 
a".- 
2 


]_ 

3 


/_ 

D 


C 


Hinh 165 


DS: (C) 

C&u 10; (xem Hinh 166) 

Gpi H la hinh chieu vuong goc ciia C len (P) 
Theo djnh li ba dudng vuong goc thi AB J. AH 

Theo gia thiet CAH = 60” 

Tam giac vuong CAH cho ta 

CH = sin60‘’AC=a— 


C 


B 


/ 

V 


H 


Ap dyng djnh li Pitagor cho tam gi^c vuong CBA ta c6 

CB = VaB- + AC' =aV3 

Do goc giira BC v^ (P) la goc CBH = (p 

^ . . CH V2 

Ta co: sintp =- = — 

CB 2 

DS: (B) / 

Cfiull:(xem Hinh 167) 

Gpi H la hinh chieu vuong g6c cua S len (ABCD) j 
Vi SA= SB = SC nen H 1^ tam du^mg / 

tr6n ngo^ii tiep ABC 

Ggi O la tam cua ABCD thi HO 1 AC 
=>S01AC /. 

V^y goc giOa hai m$t phing (SAC) v^ 

(ABCD) la S^ = ip - 




S 

A 


/ / 
/ / 

y 

A 

Hinh 166 


/ / 


■A \ 

'. \ \ 
\ 

\ 

■. \ 

, \ 

\ 

‘ \ 




B 


O 




Hinh 167 
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Hinh 168 


Cau 13: Gpi H la hinh chieu vuong goc ciia D len ACi 

Hai tam giac AHD va AHAi CO AH la c^nh chung, AD = AA|, DAH = A, AH 
(do hai tarn giac vuong DAC| va A|AC| bSng nhau) (xem Hinh 168) 

=> AAHD = AAHA, => A,H 1 AC, 

V|iy goc gi&a hai m$t phang (ADBiCi) va (AAiCCi) bang goc giOra hai ducmg 
thang DH va HA| 

DH la dubng cao ciia tarn giac vuong ADC| (xem hinh 169), ta c6; 

111 113 2a^ 

- _|-- _ —_ _ ^ [)|-| _ - 

DH' DC; DA' 2a' a' 2a' 3 

Ap dyng djnh li Cosin \m tarn giac can DHAi ta c6: 



^ a = 60^ 


DS: (C) 

Co the gkii ^on h<rti nhicu hcni}^ nhuii xei sau: Cho Inn ihr&ng tlh^n^ a, b thco thir 
tu viuhi^ ^()c yoi mp(P) va to co ^()c ^^iCru (P) vu (Qj han^ ^6e ^iua a va h 
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Tac6B,D|l(AA,CC|),CD, ±(ADB|C,) 

De thay CD|B| la tam gidc deu nen goc gi&a B|D| va CD| bang bO"., do dogoc 
gi&a (AA|CC,) va (ADB|C,) bfing 60“ 

Cfiu 14: (xetn Hinh 170) 

Tac6: 

BE 1 CD vi AB ± CD ( do AB 1 (BCD)) 

=> CD 1 (ABE) 

M|it me (ADC) 3 CD 
N6n (ABE) ± (ADCX khing djnh (A) dung 
Chirng mtnh tuong t^r ta c6 kh&ng djnh a 
(C)dung 

Ta chtog minh kh&ng djnh a (D) dung 
Ta c6: AC ± DK (DK ia dudng cao cua 
tam gi&c ADC) (I) 

DF1BC (gii tbilt), tifiao djnh li ba dudrng vudng g6c ta c6 AC X DF (2) 

(1) vi (2) => AC 1 (DEK) => (ADC) 1 (DEK) 

BS:(B) 

Ci« 15: (bgn d^e tv vi b)nh) 

Tac6: BC 1 AB 

Theo djnh li ha dudng viidng gdc: BC 1 SB 



V|ly g6c gida hai mft (SBC) vk (ABCD) bing g6c SBA <p 
Tam giic SAB vudng taf A ta c6 
SA 1 

tanffi>=-=* — 7 = 

AB V3 

BS: (A) 

Cin 16: (xcmH)ilhl7l) 

Ggi H, I l4n luo416 trung di4m cua BC v6 AB 
Tac6HI//AC=>ABlHI 
Lai do SBC 16 tam gi6c d^u ndn SH1 BC 
=> SHI (ABC) 

Thco djnh If ba difdng vudng gdc ta c6 
ABISI 

V|y gdc fida hai ttift phing (SAB) v6 (ABC) la gdc HIS = (p 

s 

SH = a — 



Hlah 171 


AC = BCsin30® = - => HI = - 
2 4 
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Tam iiiac SHI vuonii tai H ta c6 tan(r) =- ij?) 

HI 


S 


OS: {\) 

Cau J7:(xem Hinh 172) 

Vi BD 1 AC (hai dixong cheo cua hinh 
vuong) ren BD 1 SC (AC la hinh chieu 
cua SC Iren (ABCD)) (1) 

Gq! H la hinh chieu vuong goc cua O len SC 
(O la tarn cua hinh vuong), ta c6 SC 1 OH (2) 

(I) v£ (2) cho ta SC 1 (BDH). Vay goc giCra 
(SBC) VI (SCD) 1^ goc giua BH va DH 
ASAC vuong, ta c6: 

SC= Vac' +SA' =aV3 B 

Tati'rfiOH.Taco: Hinh 172 

AOHC dong d^ng voi ASAC (hai tam gidc vuong c6 ciing goc nhpn) 

V2 

SA 




H 


O 


/ / 


V 


a 


SC aVs V6 V6 


De cKimg minh ABHD t^i H, vi v$y trung tuyen HO c6n 1^ dudng cao, nen 
HOIBD 

OB 


Tam jiAc OHB vu6ng tfti O cho ta: Ian BHO = 


OH 


= V3 


=> BHO = 60® => BHD = 120” Goc giOa (SBC) va (SCD) bing 60" 
»S: (4) 

can 18::xem Hinh 173) 

Ti^ OkA O! vudng g6c v6i SC 
Ui df BD 1 SC nen SC 1 (BID) 

=>BliSC 

MAt khAc ID 1 SC n£n BID => cp lA goc 
giOa hai nAt phAng (SBC) vA (SCD) 

Ap dtng dinh II Pitagor ta c6: 

SB= VSA' + AB^ =2a 

SC= VSA^ + AC^ =aV5 

Tam pdc SBC vuong t^i B nen 

SB.BC 2a 

Bi -— —pr 

sc Vs 



Hinh 173 
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Fa c6: BIO = 


9 


. (0 BO >/l0 

sin— = -= — 

2 B1 4 

OS; (B) 

Csiu I9:(xemHinh 174) 

Vi BDCiAi 1^ tir di?n d6u nen hai m^it ben (AiBD) va (A|BCi) khong VLong 
g6c nhau 
OS: (D) 

A D 



A 


Cau20:(xeiT.Hinh 175) 

G(?i M la trung diem AB. AMCD la hinh 
vuong ta c6 CM = a 

Tam giic ACB c6 trung tuyen CM = 0,5.AB 
n€n vuong t^i C v$y BC 1 AC 

Ui do SA1 (ABCD) BC 1 SA 
Vly BC ± (SAC) => (SBC) 1 (SAC) 

Khing djnh (A) dung 

Theo chumg minh tren BC 1 AC vi v^y theo 
djnh li ba dudmg vuong goc SC 1 BC 

V$y gdc gi&a (SBC) vi (ABCD) la g6c SCA = 45 
Khflng djnh (B) dung 

IX 1 AD, theo djnh li ba du6ng vuong g6c DCl SD 

V?y g6c gida (SDC) va (ABCD) la g6c ADS = (p 
SA r- 

= v2 . Khing djnh (C) sai. 



D 


tancp = 
OS: (C) 


AD 




^B 


Hlnh 175 





("au 21: (xem Hinh 1 76) 

Goi F la jjiao diem cua DF va BC 
(P)r^(ADF) = AF 

Vi CE 2B1) nen B la trung diem cua 
FC vay tarn giac AFC vuong tai A 
AF 1 af: 

Vay gdc giira (P) va (ADE) b^ng goc a '" 
FLAG == q> 

CE r- 

tan(p - = v3 

CA 

<p = 60 “ 

OS: (C) 

Cau 22; (xem Hinh 177) 

Gpi I, J theo thur ty la trung diem cua AD va BC 
R 6 rang IJ qua O 

Vi ABCD la hinh ch& nhal nen IJ 1 AD 
Vi SA 1 (ABCD) =:. (SAD) 1 (ABCD) 

Ui do (SAD) n (ABCD) = AD, IJ c (ABCD) 
=> IJ 1 (S AD) => (SIJ) 1 (SAD) 

V$y thiet di^n can tim la tarn giac SIJ vuong tai I 
Ta CO IJ = AB = a 

Sl= VsA^+Ar’ = v/a' +a' =aV2 


=> S(SIJ) - - SI. IJ = - a.a V2 = 

2 2 2 


1 


V2 


D 


£■ 


DS: A 

Ciu 23: (xem Hinh 178) 

Ggi J, I theo thi'r ty la trung diem cua AB va CD 

X 6 t tarn giac SIJ 

D| thAy SI J la tarn giac can tgi S. 

M(lt khac SO = 401 

Vi v$y g6c dsi < 45" => j'si < 90“ 

Gpi K li hinh chieu ciia J len SI thi 
K thu^ doan SI 
Ta c6: JK T SI ( 1 ) 

CDTJI =^CD1JK(2) 

(l)va (2) JK 1 (SCD) 

Vay(P)chinh la (ABK) 


E 




D 


B 


^C 


Hinh 176 


A. 


\ 


B 


/I 


O 


Hinh 177 






.\ 


. - 1 , 

A' / \ 




C 


/ - 
//' 


J / / 

/ / 

/ / 


/' 




o 


I 


V 

D 


Hinh 178 
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Gpi M, N theo thur la giao diem cua (P) va SC va SD 
Vi AB // CD => MN // AB // CD 

V^y ABMN la hinh thang. R6 rang IJ vuong goc vai hai day AB va MN tai cac 
trung diem J, K ciia AB va MN 

V$y thi^t difn ABMN la hinh thang can 
DS: (B) 

Cfiu24:Tac6: AHIBC . 

A 

=> BC 1 A H (djnh It ba duang vuong goc) ^ 

=> ABC vuong can t^i A (xem Hinh 179) / /' 

3 y / ^ 

=> AH = 0,5.BC= -a X // 

' X / / 

1 9a^ / / 

ViyS(ABC)=-AH.BC =- / / 

2 4 X / / 

S(ABC) = - AH.BC = \ / / J A 

2 2 \ / 


S(ABC) 4 V3 

=> COSO -- — p!— = — =><p = 30 

^ S(ABC) 3V3a' 2 


fiS:(C) 

Cfta25: (xem Hinh 180) 

S(ABC) = - AB.AC.siiiA = 

2 4 

Hinh chieu vuong g6c cua tam gi4c ADE len 
m|it phing (ABC) 14 tam gi4c ABC, vi v^y: 

S(ABC) = S(ADE).cos60® = - S(ADE) 


S(ADE) = 2S(ABC) = 




Theo cdng thiirc tinh di$n tich tam gi4c: 
S(ADE) = ^ AD.AE.slna (a - D^) 


a'Vis . 



C 

Hioh 179 



K 

\ 

\" 

\ 

\ 


s 




\ 

■'-N 

/. . 



Hinh 180 


. sina (2) 


a-Vis . 

(I) v4 (2) suy ra: -.sin a 

4 


=> sina = 


DS: (C) 
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§5. KHOANG CACH 


TOM TAT Li THIJY^T 
Cac djnh nghla: 

1. Cho diem O va duong thing a, H la hinh chieu cua O len a, ta c6; d(0, a) ^ OH 

2. Cho diem O va mat phing(P), H la hinh chieu cua () len (P), ta c6: d(0, (P)) ^OH 

3. Cho dirong thing a song song voi m$t phSng (P), A la diem bat ki thucK a, ta c6; 

d(a,(P))-d(A,(P)) 

4. Cho hai m§t phang song song (P) va (Q) A la diem bat ki thuoc (P), ta c6; 

d((P),(0)) = d(A,(0)) 

5. Cho hai duong thing cheo nhau a, b. Lay hai diem A, B Ian lugt thupc a, b 
sao cho ABJLavaABlb. AB dug^c gpi la doan vuong goc chung cua a va b 

Khoang each giua hai duong thing cheo nhau bing dp dai doan vuong goc chung 


CAC DANG TOAN C6 BAN 

1. Dfng toan 1: Tinh khoang each tv diem O den diriyng thing a 
Phumg phap: 

• Trong mjt phing (O, a), tir O ke OH vuong goc voi a (H e a), sir dyng cac 
kien thuc hinh hoc phing nhu djnh li Pitagor. Cosin, Sin. phuong phap 
vecto, di^n tich... d4 tinh OH 

Chu y: Trong mpt so bai toan, de dpng durge OH, ta dtmg qua O mjt phftng 
vuong goc vdi a cit a t^i H __ 


VD: Cho hinh chop S.ABCD c6 diy ABCD li hinh vuong c<inh a, tSm O. C^nh 
b8n SA vu6ng gdc voi diy, SA = a. Gpi I la trung diem cua SC, M la tning di^m 
cua AB. Khoang c4ch tir I den CM bftng bao nhieu? 

Giai 

lO /; SA => lO 1 (ABCD) (xem Hinh 181) 

Tir 0 k^ OH 1 CM thi IH 1 CM (djnh 
li 3 duiffig vuong goc) 


\ 


Vly IH la khoang each tir I den CM 

V 4 2 

S(OCM) = - S(ACM) 

= is(ABC)=y (I) 


\ 


\I 

K 


,r*'. 


B 


H 


D 


. C 


Hinh 181 
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S(OCM)= -OH.CM = a —OH 

2 4 

The vao (1) ta c6 

OH = ^ IH = Voi' +OH' = ^ 

2V5 VlO 

II. D^ng to&n 2 : Tinh khoang each tir 11191 diem O den mdt phing (P) 


Phumtgphap: Gpi H la hinh chieu vuong goc cua O len (P), ta c6 d(0, (P)) = OH 


VD; Cho hinh chop tarn giac deu S.ABC c6 canh day bang 3a, c^nh ben bang 2a. 
Gpi G la trpng tani cua tarn giac ABC. Tinh khoang each tu G va A den mat phang 
(SBC) 

Giai S 

Gpi M la trung diem cua BC, ta c6 (xem h 182) 1 

/ I \ '• 

AG=-AM=.3a= V3a;GM= — a /'. V' 

3 3 2 2 / 1 


Vi S.ABC la hinh chop deu nen SG ± (ABC) 

=>SG1AM 

Tam giac SAG vuong t 5 ii G ta c6: A 

SG = Vs A- -AG^ = a 

Gpi H la hinh chieu cua G len SM, ta c6 \ 

GHISM (I) 

VI BC 1 AM => BC 1 GH (djnh li 3 duong vuong goc) (2) 
(l)v4(2)=>GHJ-(SBC) 

Tam giac SGM vudng t^i G c6 du^mg cao GH ta c6 

1 _ 1 1 _ 1 4 7 

GH'“SG-'^GM' a''^3a- 3a- 


i \ 

\ \ »C 


M' 

B 

Hinh 182 


=>GH = 


iV^ 


V9y d(G, (SBC)) = 


1V2I 


Gpi Hi la hinh chieu ciia A len (SBC), ta c6: 
HG ^ MG 1 
AH. ” MA ~ 3 


d(A, (SBC)) = 3.d(G. (SBC)) = 3. 
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111. Dang loan 3; Ti'nh khoang each giua dirong thang va mdt phang song song 
voi ti6, khoang each giira hai mat phdng song song 

Phmrnf' p/idp: Su dung cac dinh nghia: 

• Cho dmmg thang a song song vdi mat phang (P), A la diem bat ki thiitx; a, ta c6: 

d(a.(P)) = d(A.(l>)) 

• Cho hai mat phang song song (P) va (Q) A la diem bat ki thuoc (P), ta co: 

d((P).(Q)) = d(A.{0)) 

Qui ve tinh khoang each tii mot diem den mot mat phang 


VDl: Cho tain giac ABC vuong tai A, AB = a, AC = 2a. c la duong thing qua A va 
vuong goc vdi (ABC), b la dudng thing qua B va vuong goc vdi (ABC). Tinh 
d(b, (C, c)), d(c, (C, b)) 

Ciai 


a) Tinh d(b, (C, c)). 

Vi b // c b // (C, c) => d(b, (C. c)) = d(B. (C, c)) 

TacoBAlAC (I) 

cl(ABC)=> BAlc (2) 

(I)va(2)=>BAl(C,c) 

=> d(b, (C, c)) = d(B, (C. O) = BA = a 

b) Tinh d(c, (C, b)) 

Goi H la hinh chieu ciia A len BC, AH 1 BC (xem Hinh 183) | 

Vi AH lb (dob 1 (ABC)) cl ib 

=> AH 1 (C, b) => d(c, (C, b)) = d(A, (C, b)) = AH | 

Tam giac ABC vuong tai A CO dirdng cao AH ta c6: I 


__1 __ 1 _ _ 1 _ 

AH’ ~ AB- AC-’ 


=>AH = 


5 


^ d(c, (C, b)) = 


2aV5 

5 




Hinh 183 


VD2: Cho hinh thoi ABCD canh bing 2 va di?n tich bing Vs . a va b la hai dudng 
thing Ian luijrt qua A va B va vuong goc vdi (ABCD). Tinh khoang each giua hai 
mit phing (D, a) va (C, b) 


Giai 


R5 rang (D, a) // (C, b), vi vay 
d((D. a), (C, b)) = d(C, (D, a)) 

TirC keCHl AD(l)(xem Hinh 184) 
Vi a 1 (ABCD) => CHI a (2) 
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(l)va (2)=>CH1(D, a) 
T.c.S,.CO,= is,.BCO>=| 

Mat khac: S(ACD) = | CH.AD = CH 


=>CH = 


y^y d((D, a), (C, b)) = CH = 


, - '.V, 


^ Hinh 184 

VD3; Cho hinh chop S.ABCD c6 SA vuong goc (ABCD) va SA = a V6, ,ABCD la 
hlnh thang c6 day Ion AD = 2a, day nho BC = a, DC = a, AC 1 CD. 

a) Tmh khoang each tir A den (SCD) 

b) Tinh khoang each tCr AD den (SBC) 

Giai 

a) Gpi H la hinh chieu cua A len SC. Ta c6 AH 1 SC (*) 

SA 1 (ABCD) SA 1 CD (I) 

Theo gia thiet CD 1 AC (2) S 

(l)va(2)=>CDl(SAC)ii>CDl AH (♦*) K 

(*) va (*♦)=> AH 1 (SCD) 

Ap dyng djnh li Pitagor cho tarn gi^c vuong ACD \, \ 

AC= VaD'-CD' =aV3 1\ \ \ 

1 \ \ \ 

Tam giac SAC vuong tai A vdi duong cao AH F\ ,\H \ 

-^- = -5-7 + —^- = -^ ^AH = aV2 A /] '\’ \ 

AH' SA' AC' 2a' I'l \ \ 

Vayd(A,(SCD)) = aV2 \ j ^ \ V 

b) Gpi E la hinh chi4u cua A len BC, F la hinh \ ( \ ' 

chi4u cua A len SE, ta CO (xem Hinh 185) M \ / 

AEICE (1), AFISE (2) EL.._:L___ \/ 

Tachurngminh AFl(SBC) B *C 

SA 1 (ABCD) => SA 1 CE (3) Hinh H5 

(1) va(3)=>CEl(SAE)=:> CEIAF (4) 

(2) va (4) => AF1 (SBC) 

Ta tinh AB. Theo djnh li Cosin; 

AB' -= BC' + AC' - 2BC.AC.cos ACB 
= a' + 3a' - 2a. ^3 a.cos ACB (5) 
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c()S ACB - cos DAC' = 


AC 

AD 


V3 

— (tain giac ACD vuong tai C) 


I'he vac (5): AB' == 4a' - 3a" = a" => AB a 
Cimg then (6) Z ACB = 30” =3> ZABB - 60” 
Tam giac vuong ABB cho ta: 


AE = AB.sinABE 


= a. 


2 


( 6 ) 


Tam giac SAB vuong tai A voi duangcao AF cho ta; 


+ 


1 


AF- SA- AE- 6 a- 


AF = 


Vay d(AD, (SBC)) = d(A, (SBC)) = AF = 


a-v/6 

aV6 

"T" 


III. Dang to^n 3: Tinh khoang c^ch giihi hai dirtmg thSng cheo nhau 

Phuong phdp: Co the sir dung cac each sau de tinh khoang each giura hai dirong 
thing cheo nhau a, b 

• Tinh dp dai doan vuong goc chung 

• Tinh khoang each tCr mat phing chira a va song song voi b den b 

• Tinh khoang each gi&a hai mSt phSng song song Ian lugt chira a va b 


VD: Cho hinh chop S.ABCD c 6 day ABCD la hinh vuong canh 3a, canh ben SA = 4a 
va vuong goc voi (ABCD). Tinh khoang each giira 

a) SB vaCD 

b) AD va SC 

c) BD v^ SC 


Giai 


a) BC 1 AB :=> BC 1 SB (theo djnh li ba duemg vuong g 6 c) 
L^idoBClCD 

V|iy Be la do?m vuong goc chung cua SB va CD ;: 
=>d(SB.CD) = 3a 

b) Ta CO AD//BC => AD//(SBC) 

V|iy: / 

d(AD, SC) = d(AD, (SBC)) = d(A, (SBC)) ^ 

Gpi H la hinh chieu ciia A len SB (xem A ' ^ 

Hinh 186 ), ta CO / " / V 

AHISB(I) / 

Vi BC 1 AB => AH 1 BC (djnh li ba O 

duong vuong goc) ( 2 ) B^ - 

(I) va (2) => AH 1 (SBC) Hinh 186 
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Tam giac SAB vuong tai A c6 dirang cao AH 
ta CO 

1 _ 1 ^ _JL 1 „ 25 

AH- ~ AS' ^ AB' 16a' ^ 9a' 144a' 


=> AH = 


12a 

5 


k 


V$y d(AD, SC) = AH = 


12a 

5 


c) H? OK 1 SC 

Vi BD L AC (duong cheo cua hinh vuong) => BD 1 OK (djnh li ba dirong 
vuong g6c) 

V^y OK la doan vuong goc chung cua BD va SC 
Tam gidc SAC vuong t^i A ta c6; 


SC= VSA' +AC' = Vl6a' +18a' =aV34 

Hai tarn giac vuong ASC va KOC dong dang ta c6: 

M 

OK OC _ SA.OC 2 

vJK “ 


SA SC 


SC 


a 




6a 

TFT 


V$y d(BD, SC) 


6a 


CAU HOI TRAC NGHIEM 

Cau 1: Trong cac m?nh de sau, m?nh de nao dung? 

(A) Duomg vuong goc chung ciia hai duang thing a va b cheo'nhau la mQt 
duong thing d vCra vuong goc voi a vCra vuong g6c voi b 

(B) Do^n vuong goc chung cua hai du6ng thing cheo nhau la dotn ngin nhat 
trong cic do^in noi hai diem bat ki Ian lirgl thupc hai duong thing ay 

(C) Cho hai du6ng thing cheo nhau a vi b. Duong vuong g6c chung luon luon 
nim trong m$t phing vuong goc v6i a va chiia duong thing b 

(D) Hai dudng thing cheo nhau la hai duong thing khong c6 diim chung 
C&u 2: Trong cac mpnh de sau, mfnh de nao sai? 

(A) Khoang each gitra duong thing a va m$t phing (P) song song v6i a la 
khoAng each tir mpt diem A bit ki thupc a toi m$t phing (P) 

(B) Khoing each gi&a hai duong thing cheo nhau a va b la khoang each tCr mpt 
diem M thupc mSt phing (P) chua a va song song voi b din mpt diem N 
bat ki tren b 

(C) Khoang each giua hai m$t phing song song la khoang each tir mpt diem M 
bat ki tren m$t phing nay den m$t phing kia 
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(D) Neu hai dirong thSng a va b cheo nhau va vuong goc nhau thi duomg thSng 
vuong goc chung cua chiing nSm trong m^t phing (P) chira duang thing 
nay va vuong goc vai duang thing kia 

Cau 3: Cho hinh chop tarn giac S.ABC vai SA vuong gtx: vai (ABC) va SA = 3a. 
Di^n ticl" tarn giac ABC bing 2a\ BC a. Khoangcach tu S den BC bing bao nhieu? 

(A):a (B)3a (C)4a (D) 5a 

Cau 4: Cho hinh chop S.ABCD c6 day ABCD la hinh vuong canh a, tarn O. C^nh 
ben SA = a va vuong goc vai day. Gpi ! la trung diem cua SC, M la trung diem cua 
AB. Khoang each tu I den CM bing bao nhieu? 


(A)£ 


V2 


(B) 


2a 


(C)a 


V3 


(D)a 


V3 


Vs '"'Vs ' ' Vio Vs 

5 : Cho tu di^n deu ABCD c^nh a. Khoang each tu diem A den mat phing 
(BCD) bing bao nhieu? 

V6 V6 

(A):a (B)a— (C)a— (D) 1,5a 

2 3 

eft# 6: Cho hinh chop tu gi4c deu S.ABCD c^inh day bang a, c^inh ben bang a. 
Khoangcach tir S den (ABCD) bang bao nhieu? 


(A) 


a 


(B) 


(C) 


a 


(D)a 


J2 ' ' 2 V3 

Cau 7: Cho hinh chop tu giac deu S.ABCD, day ABCD c6 tam O va c^nh bang a. 
C^nh ben bang a. Khoang each tir O den (SAD) b&ig bao nhieu? 


(A) 


(B) 


a 




(D)a 


V2 ' '2 

Cfiu 8 : Cho m^it phing (P) va diim M ngoai (P) va khoang each tu M den (P) bang 
6. tiy A thupc (P) va N tren do^n AM sao cho 2MN = NA. Khoang each tir N den 
(P) ban{ bao nhiSu? 

(A)3 (B)4 (C)5 {D)2 

Ciu 9: Cho hinh ch6p tir giac dfiu S.ABCD. C^nh ben bang c^nh day bang a. 

Khoang each tir C den (SAD) bang bao nhieu? 

a 2a a 

(A)-p (B)- 7 - (C)-j= (D)a 

V2 -Jb -Jb 

Clu 1ft Cho hinh lang try dung ABC.A|B|C|. Cynh ben AAi = 21. ABC la tam 
giac vuing can tyi A, BC = 42. Khoang each tir A den (A|BC) bing bao nhiSu? 

(A)^ (B)7V2 (C)^ (D)42 

Ciu 11: Cho g6c xOy = 90® va m$t diim M nim ngoai mjt phing chua g6c xOy. 

Bict M3 = 6. Khoang each tir M den Ox va Oy bing nhau va bing 2 VS . Khoang 
each tirM din (Ox, Oy) bing bao nhieu? 

(A)4 (B)2V2 (C)2 (D)2V3 
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C&u 12: Cho hinh ch6p tir gidc deu S.ABCD c^inh day bSng canh ben bing a. 
Khoang ckch tir AD den mSt phSng (SBC) bfing bao nhieu? 


3.^^2 a 2a 

(A) (B) -7- (C) ^ 


(D) 0,5a 


' V3 V3 ' S 

Cfiu 13: Cho hinh ISng try tarn giac ABC.AiBiCi c6 canh ben bang a. C^c c^inh 
b€n ciia ISng tiy v6i m$t day g6c 60° hinh chieu vuong goc cua A Idn 
(A|B|C|) la trung diem cua B|C|. Khoang c4ch giOa hai m$t day cua ISng try bang 
bao nhieu? 

aV3 a aV2 a 

(A) — (B) - (C) — (D) - 

2 2 2 3 

CSu 14: Cho hinh tu di?n deu ABCD cynh a. Khoang each giua hai dirdmg thang 
AB va CD bang bao nhieu? 

Cfiu 15: Cho hinh tur di?n OABC, trong d6 OA, OB, OC doi mgt vuong g6c nhau 
v4 OA = OB = OC = a. Khoang each giOa OA va BC bang bao nhieu? 

(A)-^ (B)a (C)^ (D)^ 

V2 2 2 

Cfiu 16: Cho hinh tu dign OABC, trong d6 OA, OB, OC doi mpt vuong g6c nhau 
va OA = OB = OC = a. Gpi I la trung diem BC. Khoang each giO-a AI va OC bang 
bao nhieu? 

a av3 a 

(A)^ (B)a (C)-^ (D)- 

Cfiu 17: Cho hinh ch6p S.ABC c6 day ABC ifi tarn g\&c vuong tai B. BA = a. Canh 

bdn SA vuong g6c vdi dfiy va SA = a-\/2 . Ggi M tfi trung difim cua AB. Khofing 
cfich gida SM vfi BC bfing bao nhieu? 

aV3 a-J2 a V3 

(A)^ (B)-^ (O- (D)^a 

Cfiu 18: Cho hinh ch6p tu giic deu S.ABCD c6 AB = SA = 2a. Khoang cfich tu 
dudng thang AB d4n (SCD) bftng bao nhieu? 

V6 76 

(A)a^ (B)0,5a (C)a (D)a^ 

Cfiu 19: Cho hinh lap phuomg ABCD.A|B|C|D| canh bfing a. Trong efic kit qua 
sau, kit qua nao dung? 

(A) Khoang cfich tu A den mfit phfing (B|BD) bang - a 


<D)f. 
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(B) AC,-3^2 

(C) fChoang each tir A den mht phang(CDCiDi) bAng a ^2 


(D) ^hoang each tir AB den 8,0 bSng 



Cau 20: Cho hinh hpp ch& nh^t ABCD.A,B,C|D| c6 ba kich thuac AB = a, AD = b, 
AAi - c. Trong eac ket qua sau, ket qua nao sai? 

(A) 3D, - V^ + b^ +c^ 


(B) khoang each giira hai duemg thSng AB va CC, bSng b 


(C) khoang each tir A den (68,0) bSng 



(D) khoang each tir A den (BBiD) bing 

Cau 21: Cho hinh hpp chu nh$t ABCD.A|B|CiD| c6 ba kich thiroc AB = a, AD = 2a, 
AAi = 'a. Khoang each tir A den (A,BD) bSng bao nhieu? 

(A)^a (B)^a (C)a (D) |a 

Cau 22 Cho hinh l§p phuemg ABCD.AiBiCiD, c6 c^inh bang a. Gpi M la trung 
diem cia AD. Khoang each tir A| den (CiD|M) bSng bao nhieu? 



(A) 0,5a 






{D)a 


Cau 23: Cho binh tir di?n OABC vai OA, OB, OC vuong goc tCmg doi va OA = 

OB = OC. Gpi I la trung diem cua BC, J la trung diem cua AI. Gpi K, L Ian lupt la 

hinh cheu vuong goc ciia O len Al, cua J len OC. Chpn khdng djnh dung 

(A) Dopn vuong goc chung cua Al va OC la OK 

(B) Dopn vuong goc chung cua Al va OC la 1C 

(C) Do^in vuong g6c chung cua AJ va OC la JL 

(D) CAc khfing djnli a (A), (B), (C) deu sai 

Cau 24 Cho hinh chop S.ABCD c6 day ABCD la hinh vuong tarn O, SA vuong 
goc v6i(ABCD). Gpi K, H theo thur ty la hinh chieu vudng g6c cua A len SD, cua 
O len S3. Chpn khdng djnh dung 

(A) Dopn vuong goc chung cua AC va SD la doan AK 

(B) Dopn vuong goc chung cua AC va SD la doan OH 

(C) Doan vuong g6c chung ciia AC va SD la doan CD 

(D) Cac khSng djnh a (A), (B), (C) deu sai 

Cau 25 Cho hinh hpp chit nh^ ABCD.A,B,C,D| c6 AA, = 2a, AD = 4a. Gpi M 1^ 
trung dkm cua AD. Khoang each giiia hai duimg th&ng A|B| v^ CiMbdng bao nhieu? 

(A) lyfl (B) 2aV2 (C) 2a (D) 3a 
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CIu 26: Cho hinh ch6p S.ABCD c6 6&y ABCD la hinh vuong tarn O, SA vuong g6c 
\6i (ABCD). Gpi K, H, M theo thu t\r \k hinh chi^u vuong goc cua B, O, D \&n SC. 
Dopn vudng g6c chung cua hai dudng thSng SC vd BD la do^n thing nao dir^i day? 

(A) BK (B) OH (C) DM (D) BS 

Cio 27: Cho hinh ch6p S.ABCD c6 diiy ABCD la hinh vuong tarn O c^nh bing a. 
SA vuong g6c vdi (ABCD) v^ SA = a. Khoang cdch giOra hai ducmg thing SC va 
BD bing bao nhi£u? 



trAl6i 

Ciul: 

(A) Khing djnh sai. Phdt bieu dung nhu sau; Duong vuong goc chung cua hai 
dudng thing a vA b chto nhau la m^t dubng thing d vira vuong goc v6i a vira 
vuong g6c vdi b \k ciing cit hai dirmg thing a, b 

(B) Khing djnh dung 

(C) Khing djnh sai. Khing djnh chi dung khi hai dudng thing da cho vuong g6c 

(D) Khing djnh sai. Phat bieu dung nhu sau: Hai du^g thing cheo nhau la hai 
du6ng thing khdng cCing thuQC mpt m$t phing 

DS:(B) 

CftB 2: (B) S 

Clo 3: (xem Hinh 187) 

Gpi H la hinh chiiu vudng g6c cua S Idn BC 

Theo djnh If ba dudmg vudng gdc ta c6 AH 1 BC \ \ 

S(ABC) = - AH.BC = - a.AH \ \ 

2 2 \ \ \ 


Hay: 2a^ = - a.AH AH = 4a A ^ 

2 

Ap dgng djnh If Piti^or \ko tam gifk: vudng SAH ta cd 

SH = VsaXAiF = 5a 
DS: (D) 

Cln 4: (xem Hinh 188) 

SA a 

10 // SA => 101 (ABCD). 01 = — = - 

2 2 

TirOkeOHlCM thilHlCM 
V|y IH la khoang cich tu I den CM 

I 2 ' Vs 


B 

Hinh 187 


CM = 




4 “2 
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5(0CM) = - S(ACM) = 1 — 
2 2 4 

Vi S(OCM)= ioH.CM(2) 


8 


( 1 ) 


S 

/ 


(i)va(2)->OH- 


2 V 5 


in = VoF+OH' = 


a 


VI 


Vio 


B 


fis (C) 

Cau 5; (xem Hinh 189) 

Gqi H la hinh chieu vuong goc ciia A len 
mp(BCD) 

Khoang each tir A den (BCD) do^n AH 
Vi \B = AC = AD, nen HB = HC = HD, 
do do 4 la tam ciia tarn giac deu BCD 

2 2 VI a 

3H = - BM = - a. — = 

3 3 2 VI 

Tan giac AHB vuong H, theo djnh li Pitagor 

2a' 


\W = AB" - BH" = a" - 


2 _ «2 


3 


Vf/ AH = a 


V6 


DS (C) 

Cau 6: (xem Hinh 190) 

G9 O \k tarn cua hinh vuong (giao cua 
hai dirmg cheo) thi SO 1 (ABCD) 

Vavi v$y khoang c4ch tir S den (ABCD) 

bang SO 

Tan giac SOA vu6ng t^i O, theo djnh \i Pitagor ta c6: 
SO^ = SA^-OV = a^- — = — 


'n 


>D 


i>-:b 


\ / 
/ 

/ 

c 


Hi«h 118 



Hinh 118 


£VSO = 


a 


VI 


DS: (A) 
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CSu 7: GqI M trung diem ciia AD (xem Hinh 190) 
H la hinh chieu cua O l£n 
SM.tac6 OHISM(I) 

Vi AD 1 SM, AD 1 SO AD 1 (SOM) 

=> AD 1 OH (2) 

(l)v4 (2) => OH 1 (SAD) 

TacdOC= -?=.SC = a. 

42 

Ap d^ng djnhif Pitagor cho tarn gik 
vuong SOC ta c6: 

SO^ = SC^ - OC^ = — 

2 

OH Iji during cao cua tarn giic vuong SOM cho ta; 



B 


1 


1 1 
+ 


OH^ OM^ SO^ a 




a' 


a' 


a 


M 


=> OH^ = — => OH = r- 

6 S 

DS: (C) 

CAb 8: (xem Hinh 191) 

Gpi H vA K lln lugl 14 hinh chi^u 
vudng g6c cua M, N len (P), de th^y K, H, 

A thing h4ng 

Theo dinh If Talet ta c6: 

= 2MN _ 2 

MH ' AM "2MN + MN 3 

2 

=>NK-6. - *4 

3 

DS:(B) 

CAu 9: (ban dpc ty vS hinh) 

Gpi 014 tlm cua ABCD, vi 014 trung diim cua AC, n4n ta t(nh dai lurgng tring 
gian: kho4ng c4ch tu O din (SAD) 

DI chumg minh ring: d(0, SAD) = ^ 



s 


VAy d(C. (SAD)) = ^ 
DS: (B) 
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Cm I0;(xem Hinh 192) 

Gyi M la truiig diem cua BC, H la hinh 
cheu vuong goc cua A len A|M, ta c6 AH 1 
AM(I) 

AA, l(ABC) => AA| 1 BC 
Vi ABC can tai A nen AM 1 BC 
BC 1 (AA|M) =0 BC 1 AH (2) 
(l)va(2)::^ AH 1(A|BC) 

AM= -BC = 21 


B, 


-Cl 


A 


I C 


A|M = /a,A- +AM' =21 V 2 
2 2 

DS: (A) 

Ou n:(xem Hinh 193) 

Gpi H la hinh chieu vuong goc cua M len (Ox, Oy) 
1, K la hinh chieu vuong goc cua M len Ox, Oy 
Theo djnh li ba dubmg vuong g6c ta c6: 

HI X Ox. HK 1 Oy 
V|y OIHK la hinh ch& nh^it 
L^i do AMOI = AMOK(c-g-c) 

OK = 01 

=> OIHK la hinh vuong 

01 = IH = VmO- - Ml- = 4 



> C 


Hinh 192 


O 


MH = VmI' -HP = 2 
DS: (C) 

Ou 12: (xem Hinh 194) 

Gpi O la tarn cua hinh vuong ABCD, ta c6 
SO 1 (ABCD) 

Gpi M, N Ian Iup4 la trung diem cua BC, AD. 
H la hinh chieu cua N len SM, ta cA NH 1 SM 
Vi BC 1 MN, theo djnh li ba duAng vuong g6c 
NiHl BC 
=>NH1(SBC) 

d<AD,(SBC)) = d(N,(SBC)) = NH 
Ta tinh NH bSng phucmg phap dipn tich 



Hinh 194 
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= VsC -oc' = ^ 


so 

MTsI = a 


a' 


a 


V2 


SM= VSC - CM' = - 


2 

aVs 


a 


>/2 


SO MN o 

Ta c6: SO.MN = NH.SM c:> NH - —^^ 

SM aV3 




a 


V2 


V3 


V|yd(AD,{SBC)) = 


aV2 

V3 


DS: (A) 

Ciu 13: (xem Hinh 195) 

Gqi H la trung diem cua B|C|, theo gia thi4t 
AH1(A,B,C,) 

Khoang cich giffa hai m$t day cua iSng trvi bang AH 
Goc gida c^nh ben va m$t ddy bang g6c AA|H 
AI AH la tarn giac vu6ng t^i H nen 

AH = A,Asin60°= — 

2 

DS: (A) 

C&u 14: 

GqI M, N Ian lu^ 14 trung diSm cua AB 
va CD (xem Hinh 196) 

AACD, ABCD 14 hai tarn gi4c deu bang nhau nen cac trung tuy4n tuorng umg 
AN = BN 

Tam gi4c ABN c&n tai N c6 trung tuy4n NM c6n 14 du6ng cao men MN 1 AB 
Chung minh tuorng tu MN 1 CD 
Vay MN 14 doan vudng g6c chung cOa AB v4 CD 
a 

2 

V3 



AM 


AN = a— (duimg cao cCia tarn gi4c deu) 

Ap dyng djnh li Pitagor cho tarn gi4c vuong AMN ta c6: 

2 


MN’ = AN^ - AM^ = - 


MN - 


a 


V2' 


DS: (A) 


184 





A 



Hlnb 196 


A 



Hinh 197 


Ou 15: (xem Hinh 197) 

Gpi I la trung diem ciia BC. Tam giic can OBC c6 trung tuyen con la duong 
CD nen OI1 BC 


Mat khac OA1 OB, OA 1OC => OA 1 (OBC) 
OA 1 OI 


Vay OI la doan vuong goc chung cua OA va BC 

2 V2 


Tam giac vuong can c6 trung tuyen OI = 


DS: (A) 

Ou 16: (xem Hinh 198) 

Gpi K la trung diem ciia OB, ta co 
IK// OC => OC//(AIK) 

Vi vay 

d(AI, OC) = d(OC, (AIK)) = d(0; (AIK)) 

Gpi H la hinh chieu vudng goc ciia O len AK, 
ta;6 OH 1 AK 

Vi OC 1 (AOB), ma IK // CX: nen IK 1 (AOB) 
=> OH 1 IK 
Vay OH 1 (AIK) 

Tam giac vuong OAK c6 duong cao OH ta c6: 

_L = __L_ _L=± _i = -l 

OH'~OA'^OK' a' 



Vay OH = 


a 



DS: (A) 
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Cfiu 17: (xem Hinh 199) 

BC 1 AB =;> BC 1 SB (djnh li ba 
dirdng vuong g6c) 

Vi v|y BC 1 (SAB). ^ 

Tir B v6 BH vuong goc vdi SM thi 
BH ± BC \k BH ISM 

V§y BH ia do^m vuong gdc chung cua SM vi BC 

DJt ASM = <p => HBM = (p 
Vi SAM I& tam giac vuong nen 

a 

AM _ 2 _ 1 


tan<p 


cos<p = 



SA aV2 2 V 2 

1 2V2 


•^1 + tan^ (p 3 

Vi HBM vuong H nen BH = MB.cos<p = 
D&(B) 

Cin 18: (xem Hinh 200) 

Gqi M hi trung diem cQa AB. O I& t&m cua 
ABCD, N I& trung diem cua CD. Fa c6: 
d(AB, (SCD)) = d(M, (SCD)) 

= 2d(0; (SCD)) 

Gpi H 14 hinh chi4u vuong goc cua O len SN 
Ta de ding chung minh OH 1 (SCD) 

OH 14 dudmg cao cua tam gidc vuong SON, 
tacd: 

= + B 

OH^ ON^ SO^ 

ON = a 

SO^ = SC^ - OC^ = 4a^ - 2a^ = 2a^ 


aV2 


1 


1 


1 


OH 


a' * 




2a 


=^OH = a 




Hinh 199 



Hinh 200 


DS: (A) 
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Ou IS: (xem Hinh 201) 

(A) 3e chung minh rSng khoang each ti'r A 

V2 . 

d^i mp BiBD) b^ng AO = a^^ . KhSng djnh 
(/)sai 

(B) KC| = a VI, khang djnh (B) sai 

(C) <hoang each tir A den (CDCiDi) bang ^ 

A) = akhang djnh (C) sai. 

DS:(D) I 

C6 iie churng minh khang djnh (D) dung j 
nhJ sat: ^ 

Vi/B//CDnen AB//(CDA,B|) ^ 

Lfii do B|D c (CDA|B|), vi vay 
d(A3, B,D) = d(AB, (CDA,B|)) 

= d(B. (CDAiB,)) 

= BK= 

Gu 20 (xem Hinh 202) ^ / 

(A) Chang djnh (A) dung, day la cong thiic 
tiih dO iai duong cheo cua hinh hpp chO nh^t 

(B) Choang each gidra AB va CCi bang dp 
da do^ vudng g6c chung BC = b. Khang 
djih duig 

(C) uQi H la hinh chieu cua A len BD 

DI cing chumg minh dtf<;rc AH 1 (BB|DD|) Li_ 
Tamgiac ABD vuong t^i A v6i du6ng cao B| 
Al, ta(6 

J_ = _L __L_ = _L 

aH^ “ AB^ "^AD^ ~a^ "^b^ “ 


■y 

c 





Hinh 201 


Hinh 202 



=> AH = 


/a^+b^ 


V$yi(A,(BB|DD,)) = AH = 


/a^+b^ 


Khaig djnh (C) dung 
DS: D) 

Chii / rang, voi cau true cau trac nghi?m nay, ta chi can tinh d(A, (BB|DDi)) 
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C&u 21: (xem Hinh 203) 

Gpi H I& hinh chieu cua A len BD, K la hinh chieu vuong goc cua A len AiH 


Tac6: BD 1 AH (I), AK X A.H (2) 

Mjt khic: BD X AA, (do AA, X (ABCD)) (3) 

(1) vA (3) => BD X (AA|H) => BD X AK (4) 

(2) vA(4)=>AKX(A,BD) 

Tam gi^ ABD vuong t^i A v6i duong cao AH ta c6 


I I 1 

AH^ AB^ AD^ 

1^15 

a^ 4a" 4a^ 

Tam giac A|AH vuong t^i A vdi duong 
cao AK ta co: 

III 

- ^^ - 

AK^ AH^ A,A^ 

5 ^ I 49 
4a^ 9a^ 36a^ 

6 

=> AK = — a 
7 

6 

V$yd(A, A,BD) = AK= ya 



Hinh 203 


DS: (A) 

C&u 22: Gpi K 1^ hinh chieu vuong goc tu A| Ifin D|M, ta c6 A|K X D|M (l)(xem 


Hinh 204) 

Vi C,D, X (ADA,D,) => C,D, X A|K (2) 
(I)v4(2)=> A|KX(C|D,M) 

De tmh A|K ta dung phuong ph&p di^n tich 

S(A,MD|)= ^ A|D,. AA, 

= 1a,k.md, (*) 

Ta c6; MD, = +MD^ = +-^ 

V5 

= a — 

2 


B 


B 


A M D 



I i' 

L_ _X 

C, 

Hinh 203 
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*)c:>A|K.a-== <=> AiK == a—pr 


Vay d(A,,(CiD,M))= A,K 


^S:(C) y/ ^E 

CSi 23: (xem Hinh 205) ' \ 

3ac khing djnh a (A), (B), (C) la sai O F 

Tach d\mg do^n vuong goc chung cua Al va j / 

CK nhu sau j Z ^ I 

Fa CO OC 1 (OAB). Tir I d^mg ducmg thing 
sog song vai OC thi ddcng thing nay vuong B 
go vai (OAB) tai trung diem Z cua OB. Chieu Hinh 205 

vu*ng goc O len AZ la W. 

Oymg WE // OC (E e AI). Dyng F la hinh 
chsu vuong goc ciia E len OC. EF la doan 
vu*ng goc chung cua Al va OC 

OS; (D) 5 

Ck 24: (xem Hinh 206) ' A\ 

Cac kh&ng djnh a (A), (B), (C) deu sai \ ^ 

I>S:(D) 

Fa d\mg do^ vuong goc chung cua AC va SD nhif sau: A / : \ 
TCrDvgdirdngthangd song song vai AC / jV ; \ 

Gpi I li hinh chieu vuong goc cua A len d, E d \ / “\ 

1^ linh chieu vuong goc cua A len SI. |\ / \ 

Fir E vg dudng thing song song vai d cat SD tai T. \ / , A\ 

Goi V la hinh chieu vuong g6c cua T len AC. VT \ /. ® ' 

la opn vu6ng gbc chung cua AC va SD. Th^it v^y - 

Vi d 1 Al nen d 1 SI (djnh li ba dirong vuong goc) \ 
=>dl(SAI)=:>d±AE Hinh 206 

AE1 ET va AE 1AV 
Fheo each d\mg thi AV // ET va VT 1 AC 
V$y AETV la hinh chO nh^t 
^ AE // VT 

Chu y ring AE 1 (SID) => AE 1 SD => VT ± SD 
V$y VT la doan vuong goc chung cua AC va SD 
Cii 25: (xem Hinh 207) 

DlthayA,B,//(C,D,M) 

o d(A,B„ C,M) = d(A|B,, (C,D,M)) = d(A,. (C,D,M)) 

Ggi K. la hinh chigu vuong goc cua Ai len D|M, ta c6 A|K 1 D|M (1) 
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Hinh 207 


ViCiD, 1(ADA,D,)=>C|D, 1 A|K(2) 

(l)vi (2)r^ A|K±(C,D,M) 

Ta ti'nh A|K bSng phucmg phap di^n ti'ch 
S(MA|D,) = 0,5.AD. AA, =4a^(l) 

S(MA,D,) = 0,5.A,K.MD, (2) 

MD, = +D|D^ = 2aV2 (3) 

(1),(2), (3)chota: A,K = 2a V2 
DS: (B) 

Cau 26: (B?in dpc tyr v€ hinh) 

Do^n vuong goc chung c^n^tiini 1^ do^n OH 
Th$t v|y ta chi can chumg minh OH 1 BD (*) 

Tac6:SAl(ABCD)=>BDlSA (1) 

ABCD li hinh vuong nen BD 1 AC (2) 

(1) va (2) BD 1 (SAC) => BD 1 OH 
BS: (B) 

Cfiu 27: Gpi H 1^ hinh chieu vuong goc cua O len SC, ta c6 OH -L SC (*) (xem 
Hinh 208) 

SA1 (ABCD) => SA1 BD (1) 

ABCD I& hinh vuong cho ta BD 1 AC (2) 

(1) v4 (2) => BD 1 (SAC) BD 1 OH (**) 

(*) va (*•) suy ra OH la do^n vuong g6c chung 
cua BD vi SC 

ASAC dong dfing vdi AOHC (hai tarn gi^c 
vuong CO goc C chung), vi v$y 


OH 

SA 

OC = 


QC 

SC 

V2 


(3) 


a—;SC= Vsa'+AC =aV3 

2 



Thev£io(3)tac6 OH = 
fiS: (A) 


a 

76 


Hinh 208 




190 






9 % 


Mgc Lgc 


Ohipang I. PH^P D<iri HINH VA PHEP D6NG DANG 

§1. PHliP DOI HiNH. 

§2. PHPP DOi XU'NG TRVC :. 

§3. PHPPTINHTIEN. 

§4. PHEP QUAY VA PHEP DOI XU'NG TAM. 

§5. PHEPVjTU'. 

§6. PHEP DONG DANG. 

^hu’O'ng II. QUAN H$ SONG SONG 

§ I. DAI CUONG VE DUONG THAnG VA MAT PHANG 
§2. HAI DU'dNG THANG CHm NHAU 

vA HAI DUdNG THAnG SONG SONG. 

§3. DUONG THANG SONG SONG V6l MAT PHANG. 

§4. MAT PHANG SONG SONG. 

hip<rng III. QUAN H$ VUdNG G6C 

§ I. VECTO TRONG KHONG GIAN. 

§2. HAI du6ng thAng VUONG GOC NHAU. 

§3. DUONG THANG VUONG GOC V6l MAT PHANG. .. 

§4. HAI MAT PHAnG VUONG GOC. 

§5. khoAngcAch. 
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